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ADVERTISEMENT 
TO THE SECOND EDITION. 

In this Edition, alterations have been made in 
seyeral paragraphs, with the view of removing ob- 
scurities in the statements or reasonings. The only 
additions made are contained in Articles ' 54*, 54**, 
54***, in the latter parts of Articles 64 and 65, and 
in Article 93**. The original numeration of the 
Articles in the First Edition is preserved unaltered. 
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Section L 
general recognition of the air as the medium 

WHICH CONVEYS SOUND, 

1. Ordinary experience on the tranemtUing power 
of Air, 

We cannot, in strictness, say that air is the only 
medium which can convey sound. There are instances, 
for example, of persons who are totally deaf to sounds 
produced by excitement of the air, but who can hear the 
sound of a watch, or a bell, when held by the teeth ; 

« 

the sound being then undoubtedly conveyed by the 
bony and other portions of the head to the auditory 
nerves. And we shall hereafter refer to experiments 
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Section L 

general recx>qnrnon of the aib as the medium 

which conveys sound, 

1. Ordinary experience on the tranemitting power 
of Air. 

We cannot, in strictness, say that air is the only 
medium which can convey sound. There are instances, 
for example, of persons who are totally deaf to sounds 
produced by excitement of the air, but who can hear the 
sound of a watch, or a bell, when held by the teeth ; 

• 

the sound being then undoubtedly conveyed by the 
bony and other portions of the head to the auditory 
nerves. And we shall hereafter refer to experiments 
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in which tho transraission of sound icom considerable 
distances is obviously produced exclusively by fluid or 
solid bodies. Still il is evident, as matter of ordinary 
exp«rieuce, that sound is in all familiar cases trans- 
mitted by air, and is in a great number of them pro- 
duced by air. Thus, 

The interposition of a pile of buildings, &c. dimi- 
' nishes the inteDsity of a sound coming from a 
diiitance ; the partial closing of a window or 
door diminishes the intensity of a sound coming 
from without: the more effectual closing inter- 
rupts the sound entirely. 

The sound of a bcW within the receiver of an 
air-pump, struck by self-acting mechanism, is 
gradually diminished as the air is gradually ex- 
tract«d from the receiver. 

In all shapes of the trumpet, the flute, and the 
organ, the sound is obviously produced by action 
on the air. ' ■- ' 

Id firing a gun, the sound is produced by the 
sudden creation of a gas similar in its mechani- 
cal properties to air. 

The notoriety of these and similar instances is suffi- 
cient to induce us to refer to the properties of ur 
in our investigations of the Theory of Sound. It may 
however be remarked here that the theory of the trans- 
piinion of sound through fluid and solid bodies will 
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be easily connected with the simplest case of the tians- 
mission through air. 

• • 

2. Ordinary experience on dimimUion and retar^ 
daiion of Sound by distance. 

The first of the obvious laws of Sound in general 
is, that it diminishes with the distance. The accurate 
law of diminution will be considered hereafter when we 
have applied mathematical investigation to the theory. 
The second law, which is less obvious, but which is 
sufficiently well known, and has been remarked by 
observant persons in all ages (see, for instance. Lucre- 
tius, VI. 169, &c.) is, that the propagation of sound to ' 
a distance occupies time, and that the time required 
is sensibly proportional to the distance to be traversed. 
It is also well known that sounds of different pitch and 
of different loudness travel with sensibly the same^ 
speed : the sounds of a ring of bells, at whatever dis- 
tance they are heard, fall on the ear in the same order. . 
The velocity may bo stated roughly to lie between. 
It)00 feet and 1200 feet per second. The numbers, , 
.and their variation under certain circumstances, will be . 
given with gi*eater accuracy when we treat of the theo- 
retical investigation. 
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Sectios IJ. 

i'bopebties of air, olf which the f0r3iati0s 
a»d tbansmissiok of souifd depend. 

3. Equality of Pressure of Air in aU dirtetimts. 

It is assumed, and we have so reasoa to douLt the 
I&w, tliat Air, as a fluid, is subject to the law of 
Equality of Pressure in all directions. If, for instance, 
air is forcibly couSncd in a vessel of glass or other 
material furnished with closed holes of equal dimeD" , 
Bious on iliflcrcQt sides, the confined air will exert equal 
pressures on the stoppera of those holes ; and, if one 
of them is removed, the air will rush out with the same 
Telocity, whichever l>o the hole selected, and whether 
the outburst be upwards, downwards, or in a horizou- 
tal or any other direction. It is also assumed that this 
fundamental property of each nnall volume of air holds 
when that small volume of air is in motion ; although 
that motion might in some degree derange the laws of 
pressure in experimental cases like that to which we . 
have alluded. Thus, if the pressure of air wiUiin a bottle 
were produced by the sudden rush of a quantity of ur 
into the neck of the bottle, that part of the shoulder of 
the bottle near to its neck might not sustain Uie same 
pressure (on equal portions of surface) as the baseof 
the bottU^ because Uie inertu of the moving poitioiu of 
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air would produce the largest pressure on that part of 
the bottle whose resistance brought the air to a state 
of rest ; although the Law of Equal Pressure applied 
to ovory Rmall vohimo of air in motion. 

Indeed, as all our experiments on air are made on 
air moving through space with great rapidity, it is 
impossible to d^ny the application of experimental re- 
sults derived from air apparently at rest to air which is 
really in motion. 

4. Absence of friction among ike particles of Air. 

It is also assumed, in the following investigations, 
that the particles or very small volumes of air can 
move among each other with perfect freedom from fric^ 
tion or viscosity. It would seem probable that the 
effect of such friction, &a would be, not to alter 
materially .the laws of vibration at which we shall 
arrive, but to produce the rapid extinction of motion. 

.» ■ 

5. Statement of the three Laws affecting the Pres* 

sure of Air. 

But the properties of Air to which it is most im- 
portant to call attention here are the Laws of Pressure 
of Air considered as an Elastic Gas. These are three, 
(I) the law connecting the elastic force of air (or, 
which is necessarily the same thing, the external pres- 
sure that compels the air to occupy only a certain 
limited space) with the density of the air, at a definite 
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temperature; (II) the variation produced m that law 
'by ft permanent change of the temperature of the air ; 
(III) the variation produced in that law hy a sudden 
change of the cocapressios of the air. 

6. Conttruetion of tite Barometer. 

In order to expliun the eiqwrimental investigattona 
upon which law (I) is established, it is necessary to de- 
scribe in its essential points the common barometer. 
Take a straight tul>e of glass, not less than 32 inches 
^ODg, open at one end and closed at the other, bold it 
for a short timo with the closed end downwards, and 
pour quicksilver (mercury) into it till it is quite full: 
iboa carefulty stop the open end, either by pressing 
il with the finger or by inserting any tight plug which 
cu) be easily withdrawn ; then invert the tube so that 
it> open end is downwards, dip that open end (beforo 
tlie plug is withdrawn] into a cistern of mercury, and^ 
when the end is securely lodged below the surface of 
the mercury, withdraw the finger or plug. (Figure 1 
represents the apparatus thus arranged, in a shape con- 
Tement for experiment: the glass tube being carried 
-by a tripod stand which prevents the open end of the 
gbkss tube from touching the bottom of the cistern.) 
Immediately the surface of the mercury in the tube will 
iaU, till its height abov^ the surface of the mercury in 
^e cistern is a quantity not absolutely constant but 
(whan the pUce of experiment is near the level of the 
wft) seldom leBs than 29 JCngUsh inches, and seldom 
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greater than 31 inches. The space above the mercury^ 
in the tube, is the most perfect vacuum that we can 
make. If the tube be inclined, so as to bring its upper 
end below the horizontal plane indicated by the 8ur-» 
face of the mercury, the mercury will rise and will fill 
the tube to its top. This is the form known as thef 
"Cistern Barometer;" with proper arrangements for 
maintaining the surface- of the mercury in the cistern 
at a constant height, it is considered to be the best for 
standard barometers. Another form of the instrument 
is that represented in Figure 2, to which that of Figure 
3 is sometimes prefeired because the lower surface of the 
mercury can thus be brought vertically below the upper 
surface ; these forms are known as the '' Siphon Baro« 
meter," and they are the most convenient for portable 
barometers. For preparing these, the tube is placed 
nearly horizontal with the open leg upwards ; mercury' 
is poured into it and shaken into the closed leg, till the 
closed leg is filled ; then the closed end is raised, and 
the mercury sinks in it till its upper surface has the 
same elevation above the surface of the mercury in the* 
lower leg, which, in the Cistem Barometer, the surface' 
of mercury in the tube has above that in the cistern.' 
In practice, it is necessary in preparing either'~form of 
the barometer to make the tube very hot, even hot 
enough to boil the mercury, in order to expel aqueouaf 
vapour ; and, in measuring the height of the surface of 
the mercury, it is necessary to take into account that 
depression known as '' capillary depression," which de*^ 
pends on the diameter of the tub^, being greatest iu 
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tubes of fimallest diameter. It is also necessary to 
reduce the measure of the mercurial column to what it 
would have been at a definite temperature of the mer- 
euxy; the temperature universally adopted is that of 
freeadng water (32* of Fahrenheit^ 0* of Reaumur or 
Gentigxade). 

7. Muuure of Attnospherio Pressure. 

When these arrangements are properly carried out| 
we have a measurable elevation of mercury in the tube, 
which can be explained in no way but by a pressure of 
air upon the surface of the mercury in the cistern or 
in the short tube, and which gives the means of mea- 
suring that pressure. The free horizontal surface of the 
mercury in the cistern (conceived as extended horizon- 
tally through the vertical column of mercury which rises 
from it into the tube) can only be kept at rest by the 
equality of pressures of the various columns which 
stand upon it ; the greater number of these columns 
consist of atmospheric air, but one of them is ''that 
part of the mercury in the long tube, which is above 
the horizontal plane of the free surface of mercury in 
the cistern or short tube," and this part can be mea- 
sured. The pressure of the lofty air-atmosphere upon 
the cistern, in fact, must be the same as the pressure 
of a low mercury-atmosphere whose summit is no 
higher than the mercury in the barometer-tube* It is 
often convenient to refer to a definite elevation of the 
barometer: that adopted in English documents is usually 
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30 English inches ; that adopted by Continental scientifio 

• • • • , 

znen is usually 076 metre, or 29*9218 inches (the metre 
being 39*37079 inches). In the latter case, the pi^essure* 
of the atmosphere upon a square inch of the mercury in 
the cistern is the weight of 29*9218 cubic inches of 
mercury. A little familiarity with metrical measures 
will perhaps be gained by making a calculation through 
the metrical system. Thus, the pressure upon a square 
centimetre of the mercury-surface will be the weight of 
76 cubic centimetres of mercury. Drs Moll and Van 
Beek {PkUasophical TransactioTis, 1824) have adopted 
as the weight of one cubic centimetre of mercury 
13*5962 grammes, and the gramme (the weight of a 
. cubic centimetre of water) is 15*4324 English grains, 
of which 7000 make a pound avoirdupois. So that 
the pressure upon a square centimetre in pounds avoir* 
dupois will be 

76 X 13*5962 X 15*4324 
7000 

But as the centimetre is 0*393708 inch, the square cen- 
timetre is (0-393708)* square inch. Thus, finally, we 
have for the pressure in pounds avoirdupois upon a 
square inch 

76 X 13-5962 x 15*4324 
7000 X (0*393708)" * 

The 'calculation by logarithms is easy, and the result 
is 14*6966 lbs. This is the pressure upon a square inch 
when the barometer stands at 29*9218 inches ; when the 
height of the barometer is di£ferent, the pressure is 
altered in the same proportion. 
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8. Height of Homogeneous Atmosphere, dry or 
hvmid. 

The authors cited above have givea the weight of* 

one cubic centimetre of dry air (found by exhausting 

tbe air from a bottle, and weighing the bottle empty of 

MraadfuUofiur) 06 000129904 gramme, the air having" 

been weighed when the height of the barometer waij>- 

076 metre, and the temperature of the air 0* Centi-> 

gnde ; and this gives us the means of determining tha' 

value of one very important constant. The weight o£ 

on« cubic centimetre of mercury was found (see last 

pag«] to be I3'59i)2 grammes ; and therefore the weight' 

, . 13-59G2 ,. ■ . ^ , ■ , 

of mercury u t - ■-■ ,. -.- x the weight of air such as we 

have at the eartli'B surface under these circumstances ; 
•ad iberofore the pressure of air (with the barometria 
bright and temperature mentioned abov?) is equal to the 
weight of a sea of air whose depth is 

13;3962_ 

001291154' 

premded that air were Uhe water, on %iioompresa^)le and 
homogeneooB fiuid ; the weight being considered as pro- 
duced by the acUoD o{- gravity at that place (Paris) at 
which the experiments were made. This is usually 
atlled " the height of a homogeneous atmospheiu" H 
will enter as a constant into every part of the invest 
tigations which follow. Taken in connexion with tha 
▼alue of the gravity under whose action it is estimated,' 
it reprewnts a fondamental element in the constitution 
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of air. The numerical value formed from the numbers 
above is 7951-36 metres or 26087-6 English feet. * We 
shall always use the symbol H for this element. It 
will appear shortly that the height of the homogene- 
ous atmosphere is not invariable, but that it depends 
on the temperature of the air : for that variable height 
we shall use the symbol H\ 

In this calculation we have omitted the considera? 
tlon of the moisture in the atmosphere. * It is to be 
understood that we possess means in ordinary use for 
ascertaining the amount of moisture in the air (usually 
based on the principle of observing how much the air 
must be cooled in order to make it deposit dew), and 
that, having examined the properties of vapour at various 
temperatures nearly as we have examined those of air, 
we know what .is the elastic force of the vapour in the 
air. Also that we know the weight of vapour which ex- 
ercises a given elastic force, and that it is about f of the 
weight of dry air which exercises the same force. With 
this we must make use of " Dalton*s Law," based on ex- 
periments which shew that, when dry air and vapour (or 
any other gases) are inclosed together in the same space, 
the elastic force which the mixture exerts is the sum 
of the elastic forces due separately to each. ^ Suppose 
then that, with barometer and thermometer as above 
mentioned, we find that the elastic force of the vapour 

. 1 . . . .- 

is - of that of the dry air: (n in these countries is 

seldom less than 30). We now have a mixture of dry 
air producing a pressure, on the square centimetre, of 






-^X076x 13'5902 grammes, and of Tapour ^gm-i 

dacing a pressure of r- x 076 x 13-5962 grammes: 

total 0-76 X 135962 grammes. And the weight of a | 



cramm 



I X 0-0012995* grammes: total 



000129054 grammes X U — - . -■ — ^ .k 

Heoce^ the height of the homogeneous atmosphere vill be 
13-5962 f _ 3 1 
000129934*1 8Cn+l)f 



0-76 metre x 



-7951-36 metres X 



8n-^ 



When n-30, the fraction increases the height of the 
homogeneous atmosphere hy ^ part (which, as we 
•hall shortly see, increases the velocity of sound by -^ 
part). We shell usually omit all mentioa of this. 

9. ifeaiurt of Elastic Fare* of Air voidtr different 
euvunufanCM. 

We are now in a state to consider the, investiga- 
tion of law (I) r^arding the relation between the elastic 
force of air and the space which it occupies. We pre* 
mise that in a glass tube, though we cannot ipvery* 
where measure the section, we can with great accurate 
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lAeasure the capacity of tho tube from a closed end 
to various points of the tube, by successively pouring - 
in small quantities of mercury whose weights are 
known. Suppose then that in Figures 4 and 5 we 
have tubes of the siphon form, each containing air 
above the mercury in the closed leg. The quantity of 
that inclosed air mil be known with accuracy by 
V2urying the quantity of mercury in the open leg till 
the mercury stands at the same height in the two 
legs: for then it is evident that the pressure of air 
on every unit of surface of the mercury in the closed 
leg is equal to the pressure similarly measured in the 
open leg, and the elastic state of the air in the closed 
leg is the same as that of the open air. Suppose now, 
that to produce the state of things in Figure 4, some 
quicksilver is withdrawn, or that to produce the state 
of things in Figure 5 some quicksilver is added. Then 
the equilibrium at the lower of the two surfaces is thus 
to be. estimated. In Figure 4 a unit of the surface in 
the closed tube is pressed down by the elastic force 
of the inclased air : to this is to be added the weight 
of the column of mercury whose height is the excess 
of height in the closed leg above height in the open, 
leg ; and thus is found the pressure upon a unit in the 
horizontal section of the mercury in the closed leg at 
the height of the surface in the open leg. This must 
be balanced by the pressure upon a unit in the sur- 
face in the open leg ; which pressure is merely the at-, 
mospheric pressure; that is, it is the pressure of a' 
column of mercury whose height is the length of the 
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barometric column foand by the operations in Article 7.- [ 

Hence tbe pressure of tbe inclosed air upon a unit of [ 

8ur&ce plus the pressure of the column of mercury { 

whose length is the difference of heights of the two 
surfaces of mercuiy must equal the pressure of the. 
barometric column. In the case of Figure 5, it will* 
be found in the same way that the pressure of the: 
inclosed air is equal to the pressure of the column whose* 
length is the difference of heights of the two surfaces' 
plus the pressure of the barometric column. By these' 
operations we have obtained measures of the volume 
occupied by a given quantity of air, and of the 
corresponding pressure upon a imit of surface esti* . 
mated by the height of a column of mercury. 

• 

10. With given temperature : Elastic Force of Air ' 
is proportional to its Density. 

These experiments have been made frequently, and 
to great extents of compression and of expansion of 
the air inclosed in the tube. And the result, or Law 
(I) is the very simple one— "The pressure which a 
given quantity of air produces on a unit of surface 
is inversely proportional to the space occupied by that 
air." Or, since the diminution or increase of the space 
occupied necessarily increases or diminishes in the 
same proportion the density of the given quantity of 
air occupying that space, the Law* (I) may be stated, 
^The pressure which air exerts upon a unit of surface 
is .proportional . to the. density, of the air." This is^ 
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commonly cited as Boyle's Law, or Mariotte's Law« 
It supposes that the temperature of the air is the same 
. in all the experiments. 

11. The Height of homogeneous Atmosphere, with 
given Temperature, is independent of its Density. 

One consequence of Law (I) is, that the element 
which we have called "the height of a homogeneous 
atmosphere " is independent of the density of the air. 
For, the element in question is that height of a column 
of air, of the same density, whose weight would pro- 
duce the observed pressure ; but, by this Law (I), when 
the density is increased or diminished, the observed 
pressure is found to be increased or diminished in the 
same proportion; and therefore the height of a column 
of air of this altered density, whose weight will pro- 
duce this altered pressure, will be the same as before. 

12. Symhols, and Units of Measure. 

It may now be convenient to introduce symbols 
Let D be the density, of air under some normal cir- 
cumstances. By D we mean the mass of the air 
contained in a cubic unit ; the mass being measured 
by its equality with multiples of the unit of mass de- 
scribed as a weight, as ascertained by weighing. 
(Though gravity enters into the operation of weigh- 
ing, its power or change of power affects- the two 
subjects equally, and therefore this definition is in- 
dependent of the measure of gravity at*the locality 
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€^ any experiment) The unit of weight may be the) 
grain, the pound, the gramme, &c, and the unit of 
measure may be the foot, the inch, the centimetre, &a 
And let P be the pressure of dr under the same 
circumstances. By P we mean the pressure which the 
air exerts upon a unit of surface, estimated not as a* 
mass but as a weight; the weight being defined by the 
number of imits of weight. (This definition does de- 
pend on the measure of gravity at the locality of 
the experiment ; the greater is the gravity, the smaller 
will be the number of units of weight required to 
produce the observed pressure.) Now a column of 
the height H (expressed by the number of units of 
length) will contain M cubic units, each of which has 
the mass 2> and is weighed at the locality as D ; and 
the whole column will weisfh SD^ This, when JBt 
means the height of a homogeneous atmosphere, is 
supported by the pressure which is measured by 
weight P. Therefore P = J5r. A. 



13. Algebraical expression for Pressure in terms 
of Density. 

If the space occupied by the air is changed with- 
out changing its temperature, and if P becomes II, and 

D becomes A, then Law (I) asserts that -j^ ^-n* Com-* 

bining this equation with the last^ 
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14. Dependence of Elastic Force of Air and of 
Height of Homogeneous Atmosphere on Temperature. 

We may now proceed with LatW (II) ; but it require* 
no details, because the experiments are precisely the 
same in foim as those for Law (I), the only difference 
being that the air is used at various temperatures, and 
the inferences from the various experiments are com- 
pared. And the result may be stated thus with suffici* 
ent accuracy. The effect of increasing the temperature 
of air is, to increase its elastic force if its volume is 
not altered, or to increase its volume if the compres- 

■ 

sive force answering to its elastic force is not altered ; 
and the law, as depending on temperature, is, that the 
elastic pressure (in one case) or the volume (in the other 
case) may be represented by 450 + the degrees of Fah- 
renheit's scale. Thus the pressure with given quantity 
in a given space at the temperature 32* Fahrenheit will 
be to that with the same quantity in the same space 
at 50* Fahrenheit as 482 to 500. It is easily seen from 
this that if the symbol H be confined to the meaning 
^height of homogeneous atmosphere at the freezing 

point of water," then the corresponding height H', for 

« 

the temperature 50* Fahrenheit, will be y^^ x H. 

15. Rise or FaU of Atmospheric Temperature, pro^ 
duced hy sudden Contraction or Expansion. 

Law (III) applies to a very remarkable property of 
air, which is not recognizedi we believe, as affecting 

c 
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any other theories of natural philosophy connected with 
the atmosphere, but which is of the utmost importance 
in relation to the theory of Sound. In the experiments 
described in Articles 9 and 10 the operations are not 
. rapid, and great pains have been taken to make the tem- 
peratures perfectly uniform, through the changes of pres- 
sure in each experiment And the Law (I}, or Boyl&*s 
or Mariotte's Law, holds true only on the supposition 
that the temperature of the air is the same with air 
inuch compressed and vdth air little compressed. But 
when the changes of volume and pressure are very rapid, 
the changes of temperature of the air are very great. 
Upon suddenly condensing air it becomes very hot We 
^ve verified the experiment that ; if inflammable tinder 
is placed in the bottom of a cylinder in which a piston 
fits tightly and slides easily ; when the piston is driven 
rapidly down so as to condense the air very much before 
it has had time to impart the whole of its caloric to the 
surrounding metal, the air will inflame the tinder. And 
we have remarked, in the powerf'ul air-pumps (driven by 
large steam-engines) which were used to exhaust the 
air-tubes upon the Atmospheric Railway, that when the 
attenuated air in the tube, having acquired the tempera- 
ture of the ground, was compressed by the operation of 
pumping so as to be able to open the last valve in 
opposition to the pressure of atmospheric air, the emer- 
gent air was so hot as to be unbearable to the hand. If 
the heated air, without having lost caloric, be allowed 
to expand to its former dimensions, it exhibits its former 
temperature : that is, it cools by sudden expansion* And 
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this is SO well known that it has been proposed to 
supply apartments in hot climates with cool air, by 
compressing air in a close vessel, allowing the in- 
creased heat to escape by contact of the vessel with the 
external air or neighbouring substances, and then per- 
mitting the condensed air (at the atmospheric tempera* 
ture) to expand into the apartments, when it would 
have a much lower temperature. 



16. Alteration of the law connecting Elastic Force or 
Pressure with Density, by the circurnstance last mentioned. 

It follows that when the changes of volume of the 
air are rapid (and in the theory of Sound we shall have 
to treat of changes which are never so slow as 30 in a 
second of time, and sometimes as quick as 4000 in a 

second), the equation 11 b>P. -._ cannot hold. For, sup- 
pose that the air is suddenly compressed, or that A is 
greater than 27, then the heat is increased above that 
which is supposed in the equation; the elasticity is 

increased (by Law (II)) ; and n>P-^. On the con- 
trary, when the air is suddenly expanded it is cooled ; 
the heat and elasticity are less than the equation con- 
templates; and HkPjz. In both cases the pressure 

may be represented, at least approximately, by the for- 

c2 
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^J , where ^exceeds 1. It is not easy 

to ascertain the value of JV from experiment. Some 
physicists have endeavoured to infer it from considera- 
tions of the commutability of caloric and t^ viva. The 
reader will find much information on these points in 
the PhUoBophuxU Magasine, 1844, 5, 7, 8, 9, 1851, and 
later years ; Ihilosophical Travsactiona, 1824 and 1830 ; 
MAxmique Ctleste, YoL v.; Journal de Physique, dkc. 
Different values assigned for Nare 1*333 ; 1*348 ; 1*3748 ; 

1*421 ; 1*4254 ; 1*4954. We are inclined to adopt ^ or 
1*44 as not far from the truth. If for JN (which we 
shall often use) we put the symbol n, then n*"z^ 1*2. 

We know not whether this is varied by variation in the 
original temperature of the air. 

17. Collection of the Laws affecting the pressure of 
Air. 

Thus, on combiniDg the different laws, we find these 
values for the elastic pressure of air measured as is 
stated in Article 12. 

When the air, which is the subject of experiment, 
is allowed to assume the temperature expressed by the 
thermometer-reading for surrounding objects, 

n«Jff'.A 

„ 450 + readiDff of Fahrenheit's thermometer . 
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When tho change in the state of the air is very 
rapid, 

— 450 + readmgof Fahrenheit^sthennometer A^ 

482 ^ly^' 

where we have reason to think that N or n* does not 
differ greatly firom 1*44, but where we have no know- 
ledge as to the possible dependence of the value of ^ 
on the thermometer-reading. 

It will be convenient hereafter to put 6 or ^ for 
the firaddon expressing the known thermometrical feictor. 
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Section IH 

theobt of undulations^ as applied to sound; 
and investigation of the passage of a wave 
of aib thbough a ctlindrical pipe, ob of a 
plane wave thbough the atliosphebe gene- 

BALLT. 

18. Oeneral conception of a Wave. 

The theory of the traDgmission of Sound through 
the air (as well as through other bodies) is essentially 
founded upon the conception of the transmission of 
waves^ in which the nature of the motion is such, that 
the movement of every particle is limited, while the 
law of relative movement of neighbouring particles is 
transmitted to an unlimited distance, either without 
change or with change following a definite law. For 
better understanding of this conception, the reader is 
referred to figure 6. The upper line (a) is intended 
to represent the position of particles of air, a, &, c, d, &c 
at uniform distances, in the state of quiescence ; the next 
line (/3) represents them at a certain time T in a differ- 
ent state, in, which they have been placed by some 
artificial cause, more closely condensed about a, about 
a, &a; and more widely expanded about g, about g\ 
&c; the third line (7) represents them at the time 

jT+t iB a state analogous to the second, but with 
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the points of condensation about (2, d\ Sec., and the 
points of expansion about k, k\ &a ; the fourth line (S) 
shews the state of condensation and rarefaction aA 
having traveUed stiU further in the same direction; 
and so on for the successive lines e, ^ Now if the 
places of the points in these lines represent the positions 
of the particles at successive equal intervals of time, 
it is plain that we have states of condensation and state» 
of rarefaction travelling on continually without limit, 
in one direction; while the motion of every individual 
particle is extremely small, and is ' alternately back-^ 
wards and forwards. And this is the conception of a 
wave as depending on the motion of particles in the 
same line as that in which the wave travels; this is 
the kind of wave which we shall consider as explaining 
the transmission of Sound. 

But there are other kinds of movements of particles, 
which are equally included under the conception of wave. 
For instance, in Figure 7, the motion of the particles 
is entirely transverse to the horizontal lines of the dia- 
gram ; and, here, it is not states of condensation and 
rarefaction that travel continually in the same direction, 
but states of elevation and depression that so travel 
(This is the kind of wave which is recognized as 
applying to polarized light) In Figure 8, the motion of 
the particles consists of a combination of the two 
motions in Figure 6 and Figure 7; the vertical displace- 
ment of the particles so accompanying the horizontal 
displacements, that the places where the particles are 
most condensed in the horizontal direction are the 
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places where they are most elevated in the vertical 
direction. (This is the character of waves of water.) 

But in all these there is one general character ; that 
a gtate of displacement travels on continually in one 
direction, without limit ; while the motion of each indi- 
vidual particle is or may be small and of oscillatory 
character. And this is the general conception of a 
wave. It will be remembered that the special cha- 
racter of the waves of air applying to. the problem of 
Sound i% that the displacements of the particles are 
^ in the same direction (backwards and forwards) as that 
in which the wave travels. 



19. The idea of a Wave was fret entertained and 
devdoped by Newton. 

This idea appears to have been first entertained by 
Newton, and was certainly first developed by him, for 
the purpose of explaining what till then was totally 
obscure, the transmission of Sound through Air; it 
is worked out in the third book of the Prxncipia, and 
among the many wonderful novelties of that wonderful 
work, it is not the least interesting or the least im- 
portant. The mere conception of the motion of particles 
in the way pointed out above is a ver}^ small part of 
Newton*s work ; the really important step is, to shew 
that the condensations and rarefactions produced by 
these motions will, by virtue of the known properties of 
air, produce such mechanical pressures upon every 
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separate particle that the different changes of motion, 
which those pressures will produce on each individual 
particle, will be such that the assumed laws of move- 
ment will necessarily be maintained. Perhaps it is not 
•easy for us now to realize the boldness of the concep- 
tion and the difficulties of the problem. It required 
a new Calculus, the Theory of Partial Differential 
Equations, of which this is the first instance. Newton 
himself could only solve the equation synthetically, not 
analytically; and, in consequence of the use of this - 
method, he gave a i*^tricted solution, not the general 
solution; but the solution contained no other error. To 
reconcile his theoretical inference for the Velocity of 
Sound with observed measures of velocity, he suggested 
the idea that the dimensions of the particles of air 
produced a sensible effect; we have in later times ex- . 
plained the discordance by the theory given above in 
Articles 15 and 16. 



20. NewtorCs treatment of Waves of Air. 

Newton's proposition 47 is headed, ''When pulses 
are propagated through a fluid, every particle oscillates 
with a very small motion, and is accelerated and re- 
tarded by the same law as an oscillating pendulum," 
that is, by the law, X (the displacement of a particle) 
^ A. cosine {Bt^C). After a short explanation, he 
says, ''Let us suppose then that the medium is by 
some cause put into such a state of motion, and let us 
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see what follows.** He then takes three particles at 
small intervals, and supposes that, in the circle where 
the cosine represents Z, the points corresponding to 
these particles have different places ; which amounts 
to the same as supposing that G is not constant but 
depending on x^ or that X^A. cosine {Bt — Dx). He 
then attaches each of the three values of X to the three 
original ordinates, thus forming the three disturbed 
ordinates dP+ X; he finds the space now between them; 
he finds the density and elasticity of the air between 
them, whose variable part it is easily seen is propor- 
tional to sine(£^— i>a;) ; he then takes the excess of 
the front elasticity above the back elasticity, which 
evidently is proportional to cosine(^ — Dx) : and as 
ibis backward force is proportional to X, he infers that 
these forces will account for a pendulum-like motion 
of the particles. Proposition 48 is in fact contained 
in Proposition 49, ** Given the density and elastic force 
of the medium, to find the velocity of the pulses." He 
supposes a pendulum to be constructed whose length 
is the height of homogeneous atmosphere (our H), He 
then says, as the theorem to be proved, '' In the time 
occupied by a complete or double oscillation of that 
pendulum, the pulse will pass over the space ^irHP 
It is difficult to give an idea of the process without 
copying Newton's very words ; but it depends on esti- 
mating, from the preceding considerations, the time of 

complete oscillation of a disturbed particle, or -jr , and 

remarking that in that time the pulse must have passed 
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over a space equal to the interval beween two waves, or 

2w . . ' 

-yr • (This will be seen upon examination of Figure 6; 

in tracing the successive states of each particle a, d, g, 

&a at each time 2;ar+J, 37+^, 37+^, r+T,it 

will be seen that every particle has gone through its 
complete oscillation backwards and forwards between 
the time Tand the time 7+ r ; and it will also be seen 
that» between the time Tand the time T+r, the state 
of condensation has travelled forward with uniform velo- 
city &om a, to a •} And, having found this, he infers that 

rr 

the velocity will be that acquired by falling through -^ . 

The whole process is most ingenious and accurate ; only 
deficient in generality, in supposing (apparently) that 
no other law of motion would satisfy the conditions. 
He then, with inaccurate weight of air, finds R^ 29725 
feet, and theoretical velocity of sound »» 979 feet per 

second : to which he adds r part for the supposeil mag- 

nitude of particles of air. And he remarks that the 
velocity will increase with the temperature. He also 
endeavours to take account of the aqueous vapour in 
the air. 



^^«^5^p^^^""<»»i^»iii«-w« 



_j 



OS SOUND. 



21. Algebraical treatment of Waves of Air tra- 
vtUmj along a tube; and formation of the Partial 
JXfferetUial Bquatton, nef/lecting etnall quantities, 

Tho algebraical cacLbod of treating the problem will 
be as follows. Let x be tbe distance (measured parallel 
to the axis of the tube) of any particle from the origin 
of measure of x, ia the quiescent state, that is, is tbe 
state ia which tbe density of tbe air ia every part 
of the tube is represented by D ; and at any time t 
let the particle be in a place advanced beyond its 
origiaal place by the quantity X, so that its ordinate ia 
DOW x + X; X ia diffcreDt for different particles at the 
Mimo timo, mill in dii)urcnt for tho sjune porticlo at 
different times, and therefore is a function of both x 
and (. Hovt consider tbe place of a particle whose 
primary distance from origin was x + h; its present 
distance from origin is 

its present distance from tbe particle before men- 
tioned is 

. JX-, , J-X 4- , ,. _ 



the mass of air which, with density J), did occupy tb^ 
length k, now with density A occupies the length 

,/, dX\ JA' A' , 
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> whence 

« 

.or, forming the expression for A and supposing h in- 
definitely small, 



• • 



For the present, we shall suppose the relative move- 
ments of the particles to be so small, that the higher 

dX 
powers of -3- may be neglected; then our equation 

becomes this ; 

About the particle whose original ordinate was x, 
the density of the air, or A, is represented by D^ ^ T • 

From this it follows, by the theorem of Article 17, 
that, 

About the particle whose original ordinate was x, the 

elastic pressure of the air upon a unit of surface, estimated 

A^ / dX\^ 

as in Article 12, is JT x jr^^, or H'.Dx fl —-^ ) ; 

dX 
or, still neglecting the higher powers of ^ , 

dX\ 



n-5'.2)x(l-i\r^j. 
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The same formula^ when applied to a particle whose 
ordinate was x + k, gives this result. 



About the particle whose original ordinate was x + k, 
the elastic pressure of the air upon a unit of surface is 

The mass of air included between these two particles, 
taking a tube whose section is 1, is Dk ; and the pres- 
soxe uiging it forward is IT -r 11' or 

Hence, remarking that in Article 12 all our pressures 
are estimated by weights, we have for the motion of the 
included air*, 



* When » body whoM weight it W falls freely UDder the action of 
gntTity, it ia in fact » mass W (estimated in conformity with the rules 
of Article 19) whose motion is affected by a presimre W (estimated in 
oonformity with the rules of the same article). In this instance, as we 
know, the increase of Tclodty downwards produced in the unit of 
tisM is ff. Henoe we haye, in this case. 

Increase of Telocity in the direction of the __ Pressnre 
force, produced in the unit of time ~ Mass ^* 

Tlienfors as, by the understood laws of motion, Telocity produced is as 
pnMnm dirsoUy and as mass iuTersely, we shall have in every can 
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But X is independent of t, so that 77^ "■ 0. Taking 

the rest on the supposition that k is made indefinitely 
small, 

Or, putting 6^ for the thermometer-&ctor in Article 17> 
and n' for N, 



InoreaM of Telocity in ib« direction of the ) Prewnre 

force, produced in the uuit of time ) Vis^n * 

provided that the prtuuru and nuuset art atunaUd a< in ArlieU it, 

dJC 
Now, if X be the Tariftble ordinate in the direction of motion, -.-, 

*v V •* * increase of ordinate ... ... ... ,. ,. , 

or the limit of — . --. , la the velooity: and the limit of 

moreate of tune ' 

increase of Telocity 

-; J—, — -- (which for such a force as sraTi^ is the same at 

increase of time » # — 

increase of Telocity produced in the unit of time) ia 

d . Telocity d*X 
di • ^W 

Hence our equation becomes 

ci'jr Pressure 

"57 ■ "vi..;:"^^* 



We shall often haTe occasion to use this equation. 
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. 22. 2%tf equation is independent of Local Gravity. 

The &ctor gH is purely an atmospheric element. 
Por it will be remarked in Article 12 that» in applying 
measures to a given state of air, D is independent of the 
gravity at the place of experiment, but P is inversely as 
the gravity; and therefore, as P^H . D, Hia inversely 
as the gravity. Hence, wherever the experiments are 
made, gH is invariable. We shall put for it the 
symbol a*. Now at Paris where the weights of air, &c. 
were determined, the length of the seconds pendulum 
» 39*12877 inches {Encyclopcedia Metropolitana, * figure 
of Earth,' section 8), whence g » 32*18212 feet In 
Article 8 we have found jETs 26087*6 feet Using 
the English foot as the unit of length and the mean 
solar second as the unit of time, 

a«v^- 916-2722. 
Our partial differential equation now is 



— ^n.ff-.a.-^. 

In the observed phaenomena of sound we have very 
strong reason for believing that n does not depend on 
the nature of the motion of the particles of air ; but 
we have no means of knowing how it may depend on 
the temperature of the air. In any case it may be 
combined with to form one factor. We shall in cal- 
culation consider n constant and equal to 1*2. 



f 
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a single wave, symmetrical in its beginning and ending ; 
it may be unsymmetrical ; it may be a series of short 
waves, similar or dissimilar ; it may be a series of long 
waves ; the expression for displacement may be multi- 
plied by a coefficient ; or there may be any other con- 
ceivable variation ; in all cases the result for velocity is 
the same. We shall see hereafter (Articles 71, 72, and 
87), that the pitch of sound depends on the frequency 
of waves, and therefore on their length; and the quality 
depends on the form of the function. Thus it appears 
that in theory (as was remarked experimentally in 
Article 2) sounds of different pitch and quality travel 
with the same velocity. 



25. The other term reprssents a Wave travelling 
Backwards. 

But the general solution contains also the function 
'^ [nOa . t + x). Here, to reproduce the same value of 
the function, if we increase t by t\ we must diminish x 
by nOa . t\ This evidently means that the term repre- 
sents a wave whose motion is in the direction opposite 
to the measure of ;c. So that the complete solution of 
the differential equation represent^ two waves, moving 
in opposito directions, and coexisting; tlio complete 
value of the disturbance X being the algebraic sum of 
the disturbances corresponding separately to the two 
separate waves. In treating of the disturbance of air 

d2 
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24. One term of the eolution indiccUee a Wave 
trwkOing Forwards; the velecity is independent of tiie 
character of the wave. 

So far as depends on the function ^(^a.t^x)^ 
whatever may be the form of ^, the following property 
hold& Suppose t increased by i \ and consider the 
state (at that increased time) of a particle whose original 
ordinate was x-k-nda.i. In the function, for t sub- 
stitute < + i', and for X substitute x + n6a . t'. Then the 
value of X becomes ^[nOa.t+nOa.i —x^nOa.i), 
or ^ [nOa.t — x)\ which is exactly the same value as 
that for the particle x at the time *t That is, if we 
! consider the motion of a point whose quiescent ordinate 
was a! or x + nOa. if, we find that, at the end of the 
time t-^ffits displacement is exactly the same as was 
the displacement of a point whose quiescent ordinate 
was X, at the end of the time t only. That is, if wo 
increase the time, we may find certain particles in the 
same state of disturbance as the first particles at the 
first time, but we must go to a larger value of x in 
order to find these disturbed particles. This is exactly 
the characteristic of a wave. And since it appears that, 
upon increasing the time by t\ we must go to a value of 
X increased by nOa . t', it follows that the velocity of 
the wave is nOa^ or nO x 916*2722 feet per second. 

It is important to observe that this result is entirely 
independent of the character of the wave. It may be 
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in musical pipes; we shall find it necessary hereafter to 
take into account the two waves as simultaneously 
existing ; but for the present, in treating of the direct 
transmission of sound, we require only one function 
or wave, X^^ {nOa ,t^x). 

26. The differential equation of Article 21 being 
linear^ if any number of different solutions he found, the 
sum of these solutions unU also be a solution: this indi- 
eaies the possibility of coexistence of waves, each of which 
singlt/ is possible: but the theorem does not apply when 
the equation contains higher powers of the differential 
coefficients. 

Suppose that^ having the equation -rp- « ^;J3 » we 

obtain the solutions X^A, X^B, X^ 0, Sec, where 
A, B, C, &a are explicit fimctions of t and qd. This 
means that the following equations are true : 



<PA 


,d^A 
"^da^' 


dC" 


ePB 

df ~ 


,d^B 
" d^' 




,d*C 



&c., 
and therefore, adding all together, 

cTC^-f J?4(7-H&c.) ^ d^jA-^B+C-^Scc.) , 



de " da? 
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which is the • same as the original equation, patting 
A-i-B-b C + &c. in the place of X Consequently 
^+jS + C7 + &c.isa solution of the equation. But A, 
Bf &c., in the instances of Articles 24 and 25, represent 
different waves. It appears therefore that we may have 
a combination of different waves, each of which might 
exist alone : the chai-acteristic of the combination being 
this, that the displacement X or ^ + ^ + C7 in the com- 
bination will be the algebraic sum of all the displace- 
ments in the separate waves. It is evident that this 
result is not confined to the equation of Article 21, but 
that it applies to all equations in which 

y dX dX drX drX arX - 
dx ' di ' djf ' df * dxdt 

enter only to the first power. 

But if we had such an equation as 

d*X fdX\* 
d^^'^Kdx)' 

and if we had found solutions A^ B, &c., so that 

d^A 



fdAV 



de 

d^B /dBy 

&C.; 

and if we add these together, 
d'Cii + ^-H&c.) 



4^h®'*^- ■ 
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But thiB is not the same as the original equation, 
patting ^ 4 J? + &c in the place of X; for that would 
have required 

iHrbich is a different equation. Hence the conclusions 
above stated, regarding the sum of solutions and the 
eombination of waves, do not hold here. 



27. Plane Wave in Air of Three Dimensions. 

If we have a great number of pipes side by side, 
with waves of similar character passing simultaneously 
through all, so that, measuring x from a plane which is 
'normal to all the pipes, the value of X in every pipe is 
represented by the same form and same coefficients of 
the function ^ {nOa . ^ — a;), the collateral condensations 
and* pressures of air in the adjacent pipes will be the 
same, and there will be no tendency of the air in one 
pipe to press sideways into another pipe. We may 
therefore remove the material boundaries of these pipes; 
and then we have air, extended in three dimensions, 
through which passes a wave whose front is a plane, 
that is, in which all the points of similar motion and 
similar density are always in one plane. We shall not 
here delay longer on this subject, as it will be here- 
after treated, perhaps more conveniently, by the gene- 
ral process of the '' characteristic function*" 
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28. Limitations on the form of the Functions in the 
Solution. 

We shall now allude to the limitations on the form 
of the functions ^ and ^. For convenience we shall 
frequently put u for nOat + x, and v for nOat — a; : so 
that the expression for X is 

Now in the JPartial Differential Equations, Articles 
23 and 32, it appears that^ as regards the mere algebrai- 
cal solution of the partial differential equation, the form 
of the functions is absolutely unlimited ; they may be 
discontinuous in any way, without reference to any alge* 
braical formula, and with any degree of suddenness of 
change in the numerical value of ^, ^', i[/\ &c. But in 
the physical problem we are limited by the suppositions 
tacitly made in the investigation which produced the 
partial differential equation. First, then, confining our- 
selves to one function, there can be no numerical^dis- 
continuity in X or ^ (v). For, in forming 

dX dX dv . dX 

BX 
by the limit of -^ , a numerical discontinuity or sudden 

interruption in the value of X would make SJT finite 
while 8v is indefinitely diminished: and therefore 
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-^ and -,- woiiW at tliat point be infinite, and our in- 

veslig&tion \a Article 21 would be entirely inapplic- ^ 
able. Secondly, there can bo do numerical disconti- 
nuity in ^' (ti). For, in forming -tj . or ^- i-j- J , or 

v$a.-j~{n0a.-r-\, by the limit of nffo. ■ '? ^ ' ,adi»- 

continuity or sudden interruption ia the value of ^' (o) 

would in like manner render -^ infinite at that point; 

tlml is to aay, tbero would be infinite force, infinite con- 
densation of air, &C., all which is opposed to the ideas 
under which the investigation of Article 21 baa been 
carried on. If, however, ^ (v) and 0' (v) are free from 
dioooDtinuity, then the effect of a numerical disconti- 
Duiiy in ^"(f) would be that at special values of v the 
magnitude of the forces, condousations, &c., would 
change suddenly ; .but there does not appear to be any 
physical impossibility in this. If (v), 0' (v], ^" (v), 
are froe from numerical discontinuity, then there is do 
sudden change even in the magnitude of the force or 
condensation. We conclude, however, that it is 8u£B- 
cient that the two first terms, ^ (t>) and ^' («), be free 
from numerical diaooDtiouity. 

29. Formt proper for titA Functitmt rtpreatnting 
Continuous Seria of timHar Wave*. 

If ire propose to represeut a series of waves in vhich 
all the suooeMive waves are exactly similar, the moat 
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general formula which we can adopt for ^ (v) is a func- 
^// tion of Bin v and cos v ; and if we reject fractional and 
negative powers of sin v. and cost; (which is necessary 
in order that ^ (v), <l> (v), ^" (v), &c. may never be infi- 
nite, and that ^ (v) may never be ambiguous), that is, 
if we adopt only integral powers of sin v and cos v, we 
can always (see Article 74} give the following form to 
the function, 

-4, . sin (5t; + CJ +A^.sin{2Bv+ Q + &0. 

which satisfies the conditions of Article 28. 

The phsenomena of music will usually be referred 
to this series : and, in most instances, to the first term 
alone. 



30. Introduction of the terms ^length of wave^ 
' ^period of wwoel 'frequency of wave ; ' relation between 
their values and that of the * velocity of waves;* remarks 
on the * amplitude of vibration,* and its independence of 
tlie otlier quantities. 

The displacement X of a particle being represented, 
in a continuous series of waves, by the expression 

X = ^j. sin {Bv+ C^) + A^. sin (2Bv+ (7J + &c. 

upon making this maximum with respect to v, and 
positive (or negative, only confining ourselves to one 
sign), we find a definite value V for v, defined by 
numerical values (in terms of A^, A^ &c, C„ C^ &a) 
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of ain BV iMd coaUV. These correspond to only one 
viUue of BV less than 2b-, but they corresiwnd also 
to BV±Sir, BV±i7r, &c. And upon substituting 
in tie expression for A', they all give the same 
Value, which is every where the maximum. Thus 
wo find that the maximum recurs, and the general 
character of the wave recurs, when £v is increased 
nr diminished by 2mw, or whea v is increased or di- 

B ■ 

Now V = n0a .t—x. If then we confine our attention 
to the wave at a certain instant of time, that is, if 
we regard t as constant; and if wq survey the long 
Eeriea of waves, that is, if we contemplate the dis- 
placemenU and motions at that certain instant, of 
different particles ; we find that when x is increased or 

diminished by an integer multiple of jr- (and at no 

other places) we come to particles in the same state of 
distarbaace aa that which was first considered. It is 

plain therefore that the 'length of a wave ' is -^. 

But if we fix our attention on a certain particle, 
that ia, if we regard x as constant ; and if we examine 
its state of disturbance at different times, that is, if 
we consider different values of t; we find that the 
■ame state of disturbance recurs when nSa .t is in- 
creased or diminished by an int^er multiple of -n > 
ia vlien I is increased or diminished by an int{$«ar 
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Stt 2'7r 

inultiplo of -g — D* Th^ quantity -^ — o is evidently 

the interval in time between the passage of two sue- 
cessive waves at the same pointy and is therefore the 
'period of wave/ 

The 'frequency of wave/ or the number of waves 
that occur in the unit of time, is evidently — ^ '— . 

The ' velocity of wave/ Article 24, is n0a. There- 
fore, coinparing the expressions above, we find, 

length of wave b period of wave x velocity of wave; 

, ,, . velocity of wave 

or length of wave = s — j • 

** frequency of wave 

Now in these expressions, the factors A^ and A^ &c* 

do not occur. If the formula for X is restricted to 

the first term A^ sin (Bv + C^, A^ does not enter at all 

into the determination of F; if there are other terms, 

A 
the quotients -^, &c. enter, but not the absolute values 

of A^, A^, &c. Thus the theorems just found are 
independent of A^^ A^ &c. But the 'amplitude of 
vibration,' or maximum range in the amount of X, does 
depend on the absolute values of ^,, A^, &a ; when the 
formula for X contains only one term, the amplitude 
is 2A^. Thus it appears that the amplitude (on one 
hand) and the length, period, frequency, and velocity 
of wave (on the other hand) are perfectly independent. 
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31. The SoUtary Wave, and Ikinctums proper to 
r q wrg ien i U; and InterprekUion of their effect 

It is important to examine the case of the Solitary 
Wave: a wave which has been created by a single 
distarbance that occupied a limited time and was 
followed by absolute quiescence. Its algebraical con- 
ditions wiU be the following :-» 

Till V has a certaia value A, ^ (v) » 0. 

When V has a value included between A and A + B, 
^ (v) is to have a real value. 

\ When the value of v exceeds A + B, ^ (v) « Q. 

The function ^ (v) must be such that in no part 
there be numerical discontinuity in the values 
of ^ (v) and of <l> (v). 

When v^A, and also when v^A + B\ ^ (v) and 
4^' {v), depending on that form of the function 
which applies firom v^A to v=sA-\- B, must^O; 
inasmuch as the values of ^ (v) and <f> {v), before 
v^A and after v *» A + B, are = ; and nu- 
merical discontinuity is to be avoided. 

Functions can be founds in infinite variety of 
form, which satisfy these conditions. For instance^ 

4^(v\tomAtoA + B,v»C.{v'-A)\{A + B''v)\ 



tmmt 



THE SOUTABY WAVE. 45 

^ (v), from ^ to ^ + J?, 
■■ D . sin* -j^ (i7 — -4) « -3^ . versin -jr (v — -4). 

In the second form, Newton has expressly remarked 
that the wave may be solitary. 

The functions just exhibited possess this property, 
that the value of X, beginning from when v^ A, 
becomes a real value, which increases, and again de- 
creases, till it is again when v^A-^rB] that is, 
the particle returns to its original placa But in some 
cases (as on the explosion of gunpowder) it is desirable 
to have a form of function which will shew that the 
particle, after undeigoing the wave-disturbance, is left 
in a place more advanced than the original Such 
frmctions as the following satisfy that condition, re- 
taining also the other conditions of freedom from nu- 
merical discontinuity : — 



D.Jsin^^Cv-^); 



the value of the integral commencing from v^A, and 
the function expressed by the integral being used for 
the value of X from v^A to v^A + B, after which 
the value of X is to be constant, and is.to be that given 
by the definite integral fr*om v^ A to v»A + B^ 
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1 1 

If s«- » 7 — -3 — 5 » the function €* and its 

initial Batisfy tho terminal equations to any order 
of differentials. 



First, what is the state of all the particles at a 
certain time r? At that time, v^nOa.T'^x, or x 
— nda.T — v; where v^A, x^nOa.r-'Ai where v 
tmA+B, xmm n0a . T — ^ — 2?. Thus the conditions (be- 
ginning with the third) are these : — 

For the particles where x is less than n0a .r-^A'^B, 
there is no displacement. 

For the particles where x is greater than nOa.r^A" B 
and less than nOa.r^A, there is displacement. 



V 



The precise form and extent of application of the \ \ 

functions must bo determined from consideration of 1 

the initial circumstances. (See the Partial Differential 
Ejuations, Article 53, &c.) Suppose that the impulse 
which generates the wave is given to the particle where 
SD^O. For that particle, v, or nOa . < — 0, is ■■ nOa . i. 
Therefore, knowiog the displacement of that particle 
for a suflScient number of values of t or of nda • t, we 
can express it as a function ^ (algebraical or merely 
iiumerical) of nOa.if so that X^^ij>{n6a.t). Then, 
at every other point, X*»<l> (nda .t — x)^ with the same 
form of ^ The interpretation of this, subject to the 
conditions at tho beginning of this Article, will best 
be given by examinations referring to two considera- 
tions. 
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For the particles where x is greater than nda .r^A, 
there is no displacement 

Second, what is the movement of the one particio 
whose original ordinate is f ? For that particle, 

v-nda. <-f, or<-^; when t;-^,<-:^; . 

when V — -4+-B, <» ^ . 

Thus the conditions (beginning with 'the first) become 
these : — 

-4 + f 
Till the time ■" — ^ , the particle is not displaced. 

From the time — -^ to the time — -^ — - , the 
particle is displaced. 

After the time ^ — -, the particle is not dis- 
placed. 

These two exhibitions give a complete account in an 

intelligible form of the meaning of the discontinuous 
function. ^ 



32. Formation of the Equation when email quanti" 
Hee are not neglected, and approximcUe Solution. 

In Article 21, the investigation was completed by 
neglecting the powers of -^ above the first. In the 
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present Article, we sball treat of the solution when 
superior powers are taken into account For the reasons 
mentioned in Article 26, we must confine ourselves to a 
single wave. The accurate solution is by no means 
easy. We would refer our readers to a paper by Mr 
Eamshaw, in the JPkilasophicdl Transactions, I860,, where 
the solution is exhibited by an elimination between two 
functions which cannot be effected in a general form. 
The process which we shall use here is. the more cum- 
brous one of successive substitution. 

The equation obtained in Article 21, retaining all 
powers, but omitting for convenience the symbols n*^, 
and remembering that gH^ a\ is 



cPX 



^' -OF 






To transform this into an equation in which the 
independent variables are u^aJt + x and i; » a^ — 2^, we 
shall use the process in the Partial Differential jEqua- 
tions, Article 35. This makes 

cPX ^,d'X^ , cPX 
. df . da^ 'du.dv* 

Also ^ , whatever W may be, is = -j -p. Thus 

the equation, divided by 4a*, becomes 



I '■ — i—ii ■ II iw 
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du.dv^ ^\du~ do) {"Kdu " dv) 



<i-'§^M- 



or, more conveniently. 



dv.da'^i \dv da) }\dv duj 



We shall now proceed with the successive steps of 
aolution. 



First step. Neglect all the terms on the right hand. 

d^X 
Then ^ — -j- *^0; X (see Partial Differential EjuationSp 

Article 30) » ^ (v) -t- ^fr {u). As we propose to consider 
only a wave travelling in the direction of x increasing. 
Article 24 of this treatise, we shall neglect the second 
function, and adopt X^<f> (v). 

Second step. Substitute the value ^ (v) for' X in 
the first term on the right hand, and we have, since 



■"ST" "' 

dv.du 



j(s-ai)f*'«)'-isi*'W)'- 



B 
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laU^^tDg with respect to v, 

InUdntiDg vith respect to u, 

Jf-*W++M+i»(*' (•))■■ 

As before, ve shall neglect ^ (u), and thus we have 



Third step. Substitute the value just found for X 

io the first tonn on the right hand, and the value (v) 

^ ta the second t«rm. We shall have wtthio the right- 

C band bnckfll the quantity f t- — jj;] i 

or W (») + ^ « ■ f W • *" W - i 1*' WIT' 

« i*'Wl' + »-ifWl'-*''W-|-!*'Wr- 

AU»weh.7e(g-^^'or[fWr 

The sum, or the whole quantity within the bracket, 
u 

(♦' (•))•+»■ If (•))••*■■(") +5 i*'wr- 
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Afifecting this with the external operation 

1/(2 d 



4t\dv''du)* 



it becomes 






Integrating with respect to v, 

+i».{*'(t')r.f'(f). 



Integrating with respect to u. 



+ ^4«{f(«)l*+g««.{^'(»)}«.^"(i,). 

b2 



MHaan«HaB 
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Or, zk^lectisg ^ (u), and restoring I and x^ 






When we are considering the state of a solitary wave 
at a great distance from the origin, t; or (o^ — a), which 
(see Article 31} is limited within the value B, may be 
considered very small with regard to a; and in the fac- 
/ tors of the small terms, for o^ + a? or 2^9 + (oi — <b) we 
may. put 2a^; and we have 



This degree of approximation will suffice for our 
present purposes. 



^M»N»>l 
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S3. Progressive Change in the Character of the 
Wave. 

It is seen here that the law of displacement of the 
particles undergoes change as the wave travels on. The 
original function receives the addition of new functions, 
which are affected with multipliers depending on the 
distance of the disturbed point from the origin of the 
disturbance. Supposing that we assume the terms at 
which we have arrived in the last Article to suffice for 
our information of what happens when the wave has 
travelled through a considerable but not an enormous 
distance^ we may interpret their effect thus: 

If ^(v) be-g jl -cos ^(v-il)L where for conve- 
nience we will put v' for v — ^^ or 



*W-f(i-coa^'); 



then we have 






which is when v'sO, is + from i/BOtoi/->^, is 

JB S 

when v'-^, is-from t?'»^ to v'^B, and is when 



■wta 
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wliidi is mazimum + when v' *> 0. is + till v' ■■ -7 when 

TO 

it Tamshes, is — till v' *> ^ when it is maximum — , is 

. tiUv'-^ when it vanishes, and is + tillv-JS when 
it is maiimnm +• 

Therefore the formula of Article 32 will give the fol- 
lowing as shewing the nature of the principal alterations 
ia the values of X; 

wheni/aO, X«^(p); 

S 
when 1^ ■■ X > Xa> ^ (v) + two positive terms ; one 

depending on i^, the 



/ 



other on I/r 

whenv'-g, X«0(t?); 

SB 
when t^M— ^ XB^(v) + a positive term depending 

on i)* — a very small 

positive term depending 

on I/. 

whenv-JB, X«^(v). 



The last very small term of the formula^ which 
vanishes at these five critical points, has between them 
values which are successively H }-• 

Bemarking that the changes in the value of v and 
V have the same sign as those of (, so that the smallest 
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value of v' corresponds to the beginning of the displace- 
ment of a particle, it will be seen that, in the state of 
the far-advanced wave, 

The first part of the forward displacement is more 
rapid than in the primitive wave. 

The latter part also is more forward, or the retreat 
is slower, than in the primitive wave. 

These peculiarities increase with increase of D. 

In these points, the motion of a wave of air is 
closely analogous to that of a wave of water when its ver« 
tical movement is large and it runs for a considerable 
distance over a shallow bottom. See the Encj/dopasdia 
Metropolitana, Article, ISdes and Waves^ Section iv.. 
Subsection 3. 

34. Conjectured Change of Character of Wave when 
it has travelled very far. . 

It is difficult to say what will be the form of the 
wave when at-i-x is very large. It would be neces- 
sary to carry on the steps of the successive substitution 
to an indefinite extent, or rather, to find a function 
which would represent the infinite series thus produced. 
It appears not improbable that at length the continuity 
of the atmospheric particles may be destroyed, and that 
something may take place analogous to the bore of a 
tidal river or the surf of a sea, in which the form and 
properties of a wave are ultimately lost. (This idea is 
also suggested by Mr Eamshaw.) 



«»*«»■ 
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Segtiok IV. 

iKVESnOATIOK OF THE MOTIOK OF A WaVE OF AlR 
THBOUGH THE ATMOSPHERE CONSIDERED AS OF 
TWO OR THREE DI11EN8I0N8. 

34^. OuUine of the method to be employed; and 
eaiUions requiring aHention in regard to the order of 
ierme to he rejected. 

The method of forming the equations of motion 
will be precisely the same, in principle, as that in the 
j instance of air in a tube, Article 21. A symbolical 
displacement of particles, the most general which the 
circumstances permit, will be assumed; the symbolical 
density, and elastic force, and differences of elastic force 
in different directions, will be found; and these will be 
compared with the symbolical expressions for changes of 
velocity which they produce in different directions. 

But care is peculiarly necessary, in consequence of 
the obscurity of the process treating of small terms of 
a higher order than those which we wish to preserve. 
In Article 21, we could perceive exactly the form and 
value of the terms which we rejected: here we can 
only draw inferences from general reasoning. These 
inferences, howeveri will enable us to judge with cer- 
tainty whether a small quantity before us is of the 
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first order or of a higher order. And it will be seen 
that quantities of an order which we must . retain in 
one part of the process may be rejected in another 
part. For instance: the elasticity which determines 
the motion of a small volume of air is not the absolute 
elasticity in that volume, but the difference between 
the elasticity in front and that in rear; and this 
difference is a small quantity of a higher order than 
the principal term; but the motion depends entirely 
on it, and it must be carefully retained. But the 
mass of matter in that volume, to be moved by the 
differential elasticity, is not the difference between two 
masses, but is the entire mass in the volume; the 
difference of the densities in front and in rear is un- 
important, and may be wholly rejected. Thus it will be 
seen that continued attention is necessary for judging 
on the import of the terms which it is proposed to 
reject, and on their value as compared with those 
which it IB proposed to retain. 

35. Investigation of the Elastio Force at any point 
ofths disturbed Air. 

Let a;, y, z, be the ordinates of a particle in a tran- 
quil state; a;-hX,y+ F, « + ^, the ordinates of the same 
particle in its disturbed state at the time t Conceive 
seven neighbouring particles forming with the first, in 
the quiescent state, a rectangular parallelepiped; two 
bounding planes being defined by the ordinates a and 
07 + A> two by the ordinates y and y-i-k, and two by the 
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ordinates z and j + IL Confining our attention for a 
moment to the four particles in a plane parallel to xy, 
*wiih ordinate s; their original ordinates, and their dis- 
turbed ordinates at the time i, parallel to that plane, will 
be as follows: 



Ordinates in the quiescent stato^ 



Ist point, X, 


y; 


2nd pointy x. 


y+*; 


3rd pointy a+h, 


y; 


4th pointy x+h, 


y+*; 



\ 



Ordinates in the disturbed state. 






And i^ for the disturbed state, we subtract the ordi- 
nates of the Ist point from those of 2nd, 3rd, 4th, we 
have (see Figure 9), 
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Ordinates relative to the Ist point, 
2nd point, ^4, *+^*J 

3rd point, *+^A. gj*; 

4th point. *+gA+f A. A: + ^A+^fc ,, 



It appears from these that the projections on the 
plane xy^ of the four points which were at the angles of 
a parallelogram, are now at the angles of a lozenge. 
The ordinates of Ist and 2nd points in the direction of 
X are not now equal, and those of 1st and 3rd in the 
direction of y are not now equal Let the new distance 
fron^ 1st point to 2nd be p, making the angle ^ with y ; 
and that from 1st to 3rd be ;, making the angle % with 
X. TUen 

l^.sin^-^*, |).cos^-fc + -^^ 
dY J • , dX J 

The area of the lozenge 

sa^ . sin (90* — ^ — x) 

''pq . cos ^ . cos ;^ (1 — tan ^ . tan j() 



mm^mm 
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"But tan ^ is a small quantity containing the multiplier 
-^ , and tan x contains -j- , and their product is there- 
fore a small quantity of the second order. In our for- 
mula we have not included other terms of the second 
order, and we must therefore reject this product. Hence 
the area of the projected lozenge, to the first order of 
terms depending on X and Y^ is 



«0*S)('-9' 



Now consider the four points whose ordinatcs were 
s + IL Upon treating these in the same way, it will be 
/ found that at the time t the value of the ordinate of 
each, parallel to », is greater than the value of the simi- 
lar ordinate of the corresponding point among those 

1+ ;7-)» To find the 

solid content of the rhomb, put r for that edge of the 
rhomb which is nearly parallel io z^ a for the small 
angle which it makes with z, 90* — t for its inclination to 
the lower surface of the rhomb, u for the area of that 
lower surface, and v for its inclination to the plane xy. 
The solid content of the rhomb is rigorously a r . ii . cos t 

Now r. cos «■• projection of r upon ir = Ml + -^); 
u . cos v^projection of u upon xy^hk\\ + 'iZji}' + ^) • 



r.u.cost 
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Putting equivalents for the cosines, we find 

»'('-g)('4f)(-^g)('-'-'"-0 

(l-2«.-l)(l-2«n-0 

Now 8, t, and v, would have had no existence if the 
air had not been disturbed, and are produced by the 
disturbance. They are therefore small quantities of 
the same order as the disturbance. Consequently 

sin' ^ , sin* rj , and sin' x , are of the second order of 

small quantities, and, where they are cussociated with 

1, are to be rejected. But -f~ » -j" » -^rt ^^^ of the 

first order, and, where they are associated with 1, are 
to bo retained. And, finally, we obtain for the solid 
content of the rhomb, 

or, omitting products to the second and higher orders of 
dX. dY dZ • 

Hx'djf'dz' 

\ ax di/ dzj 

But the quantity of air at density i), which did 
occupy the parallelepiped hM^ does now with density A 
occupy the rhomb 



-,,/, dX dY dZ\ 
\ dx dy dzl 
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Etenoo 






which» omittiiig powers and products of the socond and 
' higher orders, gives 

"" \ dx djf "2»/ 
And, as in Article 12, 

\ dx dy dij* 

This is the elastic pressure about the point whose 
original ordinates were x, jf, s. 

I 

36. Formatum of the Equations of Motion. 

In treating of the motions of the particles of air 
with reference to rectangular co-ordinates, it is neces- 
sary to express the forces which act upon small masses 
of air with reference to those co-ordinates; and thereforci 
as the elastic force of one portion of the air acts upon 
the adjacent portion of the air only in a direction nor- 
mal to the separating surface, we must use separating 
surfaces parallel to the co-ordinate planes. The surfaces 
of the lozenge of which we have treated in the last 
Article are not parallel to the co-ordinate planes, and 
that lozenge therefore will not suit our present purpose. 
But we can find original values of the three ordinates 



9 

■i 
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(a: + m> y + n, s + p) of a particle, which particle, at the 
time t, will have the same values of x and y as the par- 
ticle whose original ordinates were x, y, s. It is evi- 
dent that if this is done, the two particles so found 
will, (U the time t, be separated exactly in the direc- 
tion of z ; the line joining them will be the ar^te of a 
parallelopiped whose surfaces are then parallel to the 
co-ordinate planes ; and the equations of motion can be 
correctly applied from knowledge of the elastic forces 
corresponding to. those particlea 

Now, for the particle x, y, z, at time t,xia changed 
into x + X, and y is changed into y+Y. 

And, for the particle x+ m^y + n, z +p, at time t, 
x-^m is changed into 

, ~ , dX , dX , dX 

y +n is changed into 

„ dY dY dY 

Hence we must have — 

^. dY , f, .dY\ ,dY 

dX , dY , 

whence m »■ — -y-p, and n = — -5- p, nearly. 
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Hence, to compare the pressures at two points of tbe_J 
air, which at the time t are Beparated precifiely in thsl 
direction of t, wo ought to take for the original ordUV 
nates of the second point. 






p. y- 






« + p; 



and for 11' the pressure, at the time (, about the particle | 
which ha« come from that second point) we ought to J 
take 

rfn dx dn dY dn 



n- 



dX 



di/' dz 
^dY , 



i;.^^ 



dz' 



depon<ling on the citont of motion of the particlea.1 

And llius, when, to find the pressure which urges thai 

' mass of niattt^r forward, we form n — n', we shall '} 

obtain three terms, of which two are smaller than the 



third, aud which, in fact, ooiuliined with 



dx 



and - 



pnxluce quantities of the second order of the particles' 
motion. We may then neglect them in compaiiaon 
with the Juger tenn ; and thus we have, 

dn 



n-n'- 



iU^ 



The excess of pressure 17—11' acts on the hase of 
tlie rhomb in Article 35, whose area projected on the 
pUoe zy ia there found 



-«(-©(> 4f). 
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and therefore the whole excess of pressure urgbg the 
rhomb in the direction j is 




(n-noAifn- 

Now n was found in Article 35 to be 

therefore 

dz '^ ' dz\dx dy dzj* 

And p in this investigation is the same as { in Article 

dJC dY 
35. Ako, the retention of j- and ^ in the external 

factor would retain terms of the next higher order, 
which in the formation of 11 we have rejected ; and 
therefore they must not be kept hera . Thus we obtain 
for excess of pressure in direction i, 

HDhkl — f^+^H. ^\. '^ 

' dz \dx dy * dg J* 

And the mass to be moved is DhkL 

Hence, by the usual laws of mechanics (Article 21, 
note), all our densities and pressures being estimated by 
weights (Article 12), and omitting every consideration 
of temperature, 

F 
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£(s±Z) „ d (dX dYdZK 

de "^^'dkKd^'^d^'^dir 

or, aa s does not depend on t, and gH» a\ 

^i(dX dY dZ\ 
^dM\dx'^ dy^dz)* 






Similariy 

qY ^dfdX dY dZ\ 
de"^ dy\dx'^ dy'^HJ' 

cPJT ^dfdXdYdZ\ 
W^diKdx'^'S^'^dl)' 

These three equations express the relation of the 
motion o{ the air to the forces producing the motion, in 
all the directions in which motion can be conceived. 
They are therefore absolutely sufficient ; and no other 
equation can be introduced, except as equivalent to or 
deduced firom these threa 



37. Introduction of the Characteristic Function F. 

The solution of these equations is in many cases 
facilitated by the use of a very peculiar Characteristic 
Function, for which we shall always use the letter F, 
^ is a function of x, y, e, and t We cannot in all 
cases find a form of F which shall correspond to an 
assumed form of solution ; but, if we assume the prin- 
cipal characters of a form of F, we can in all cases find 
the differential equations leading to a solution ; and by 
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careful choice of the form, we can usually find solutions 
possessing the characteristics that we desire. 

The definition of the form of JTis contained in these 
assumptions : 

dF^dX^ dF^dY^ dF^dZ 
dx"^ dt' dy^ di^' dz^ di* 

Differentiating, 

d^F d^X d^F d'Y d'F d}Z 



da? dt.dx* djf dt.dtf' d^ STTJi^ 
Therefore, 

da?'^ dj/^'^W dt[dx'^ dy'^ d»)* 



Now (Ai-tide 36), 



£X 
de 



''^ dx[dx'^dy'^ dzj' 



but since '^ '^'jz » ^^^ ^ changed to 



d'F 
dx.dt 



dM\dx dy d»J* 



Integrating with respect to x, 
dF 



dF .fdXdYdZ^ ..A 



f2 



# 



..-rr. y. 
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Difierentiatbg irith respect to t, 



w-" 






or 

de 



<^*^*^^-^^'>' 



which 18 the form of equation now to be used. The 

function j^{t) can only produce, in the solution, a func- 

dF 
lion of t, which will vanish in forming ^ » ^ • it may ' 

be omitted without loss of generality. 

We should have arrived at the same final 'result if 
we had proceeded in the last step from -^ or ^ . 



38. Inferences from the value of F when its form 
has been found. 

In Article 35, the density of air at any point is 

dX dY dZ^ 



\ dx du dz) 



^{'-l-f^i-^(')}- 



The existence of terms dependent on t only vould 
imply some general and simultaneous alteration of the 
density of air in every part of the atmosphere. As 



^•^^^^^^^mm^mmmmmmmmmil^^imt 



EQUATIONS IN AIB OP THREE DIMENSIONS. 69 

this is not consistent with our physical assumptions, we 
must always suppose jP to be so taken that % (0 '^ ^^^ 
required- With this notice, we shall abandon that fimc- 
tion, and we have 



Density-D^l-j.-Jj. 



The motions of a particle are found by the first 
assumptions, 

. dX dF dY dF dZ dF 
(U dx* dt dy^ dt d»* 

The disturbed places of the particles are found by 
integrating these ; or 

^ r dF „ f dF „ ( dF 

^-/.£' ^-U' Ms- 

These expressions, as may be expected, go through 
some changes in special applications. 



39. Application to a plans wave of air. 
The equation to a plane is, _ 

i 

Normal from origin of co-ordinates 

» X . cos a + y . cos /8 + jr • cos 7 ; 

where a^ /3,y axe constant angles, subject to the con- 
dition cos*a + cos'/8 + cos*7«l. It seems likely there- 
fore that our object will be gained by supposing i^to be 
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a {ianction of the normal x.ooBz + y.ooBfi+M.oosy. 
OaU this normal 19. Then 

• dF dF dw^ dF^ 

Si dw' dx *dw* 



and 



d^F^ d fdF\ ^ d fdF\ dw 
2!?*'SV^/ dw\dxj*dx 

d ( dF\ \ d^F 

Similiirly 

And • - 

tPF tTF cPF ^ 

Hence the equation of Article 37 becomes 

d'F ^^ 
de'^^dw^' 

whose solution is 

^^(at^x.co^a^y. cos^S — «. CO87) 

+ -^ (erf + « . cos a + y . cos )8 + « . cos 7) , 
. » ^ (a< — normal) + "^ (o^ + normal). 



d. 



f 
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Then, by Article 38, 

Density »i> |l — 4^* {fxt— normal) 

— '^' (oi + normal) I* ; 

dX, dF if / ^ IV 

. --r- SB 7- SB — 006 a • 9 (o^ — normal) 

di ax 

+ co6a.^' (o^ + normal) ; 



Xa ^ ^ (flrf — normal) 



H '^ (a< + normal) ; 



and similarly for Y and Z. 

Everything here depends on the value of the normal 
upon the plane 

ti;sd;.cosa4-y.cos)8 + «.cos7. 

This shews that the disturbance of every kind is the 
same through that plane; and the factors coso, cosi9» 
cos 7, in the, expressions for X, Y^ Z^ shew that the 
movements of the particles in that plane are-perpen- 
dicular to the plane. The first term exhibits a wave 
moving, so as to increase the normal, with velocity a ; 
and the second exhibits a wave diminishing the normal 
with the same velocity. 
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40. CbmbituUian of two plane waves from two 
mmroee. 

Suppose that JF* consists of two terms and ^ of 
which depends on 



* 



f0»«co6a + ycos^+scos% 
and H depends on 

Tr»fl; cosa+ y cos /3 — s cos 7. 

We shall find, as in last Article, 



d^F €PQ ^ 






which, in consequence of our assumptions as to the 
difference of form of the two terms, will require the 
separate equations, 

ift""* duf' df "^rfW^«' 

Adopting the first wave only in each solution, and 
taking the same form of function, 

J^» 0+^B^ (a< —xcosa — ycos/3~flrcos7) 

+ ^ (a< — a cos a — y C0S/8+S cos 7). 
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Therefore, by Article 38, 
Density SB i> J 1 — ^ (a< — «oosa— yoos/3— COO87) 

— -^'(oi— «oosa— yco8/3+«co87)y; 

dZ dF 

^■« ^ ■■ — CO87 . ^' (a< — acoB a — jf COB /8— « COS 7) 

+ 0087.^" (oi— fl^oosa — yco8/3+«co67); ' 
Z^ ^^(ot— xcosa— yco8^— CCO87) 



. CO87 , , r^ X 

+ — -^ ^ (oi-aoos a — y COB /8+ « COS 7). 



Andy when e^O, 

Density « J?j|l -^-^'{ai -acos a-y C0Bi8)[, 

dt ^' 
-^ and -^ , however, do not vanish. 



It appears therefore that, if the plane asy were a 

material boundary of the air, the motions of the parti- 

' des of air would not be altered ; since it would permit 
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motion parallel to the plane, and there is no motion 
perpendicular to the plane. But the density of the air in 
contact is variable ; and therefore, if the barrier com- 
pletely cuts off communication with tranquil air on the 
other side, it must be a rigid barrier. 



41. Tneory of the simple echo. 

The number of solutions which the equations of 
Article SG admit is infinite ; embracing not only differ- 
ent forms of function, as in Article 23, but also func- 
tions corresponding to waves passing in any different 
directions in space of three dimensions, to converging 
waves, to diverging waves, &a And any one or any 
combination of these functions, as need requires, may 
be considered as admissible in quality of the 'undeter- 
mined functions' to which attention is CtoUed in the 
author^s Partial Differencial Equations. 

If now we wish to ascertain the law of motion of a 
plane wave, we proceed as in Article 39, and we obtain 
a solution which shews that the wave preserves its 
plane character, moving with a certain velocity. And 
this solution is sufficient, as long as we introduce no 
condition limiting the space occupied by the air, &c. 

But suppose that we introduce this condition, " The 
air is bounded by an immoveable barrier, constituting 
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• 

the plane osy^ and therefore requiring that Z always » 
when g B 0." Then our simple solution cannot be made 
to meet the condition ; and we must introduce what is 
at present an 'undetermined function;' and we must 
determine it so that^ when combined with the simple 
solution, it shall make Z^ when c » 0. 

Since Z in the simple solution 

» ^^(o^ — xcosa — ycosiS — «C0S7)» 

the external sign being derived, in the investigation of 
Article 39, from the sign of e within the bracket ; and 
since the value of Zfor « « becomes 



cosy 
a 



^ (o^— xcos a ^y cos/3) ; 



it is quickly seen that, for the destruction of this term 
at all times and with every value of x and y, ^ must be 
the same in the new term ; the factors of t, x, and y, 
must be the same ; the external factor must be the same 
but with different sign, and therefore the factor oiz, with- 
in the bracket for the general value of Z, must be the 
same but with different sign ; and therefore yve must 
add exactly the term added in Article 40. That term 
represents a wave precisely similar to the first wave, in 
law and extent of motion of particles, in velocity, and 
in inclination of its normal to x, y, and z ; but differ- 
ing in this respect, that the inclination of its normal to 
« is on the opposite side. And therefore, defining the 
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direction of the wave's motion by that normal, the motion 
of the reflected wave and the motion of the incident 
wave make equal angles, but on opposite sides^ with the 
normal to the immoveable barrier xy. This is in all 
respects the character of an Echo of Sound. 



42. Varwui forvM permiBsMe in the expression 
dejminjf a plane wave of air. 

I£f for simplicity of symbols, we suppose the plane 
of the wave to be parallel to the plane xy, and its 
motion to be in the direction z, it is easily seen that the 
equation 

\ will be satisfied by the assumption 

provided that iT be a function not containing t or s, 
which satisfies the equation 

This troublesome equation (see the author's Partial 
Differential Equations, Articles 41 and 52) scarcely 
admits of intelligible solution except under specific 
assumptions. We may make 

or K^C{a?^y) + D 



iv""p»« 
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or ir-€'^.cos(ny+Cr) + i?, 
or Jr« (7. log (a;* + y*) + 2), 

* 

and thus we obtain, as solutions expressing a plane 
wave of air, 

F = {e"^. cos (ny + (70 + -D] • ^ (at - «) ; 
F^ {(7.log (or^+y*) +i)} .^(ae-«) ; 

&C.: 

and any combination of these with similar terms, or 
with terms depending on -^ {at + z). On performing the 
operations of Article 38, it will be seen that these forms 
imply motion of the particles in the three directions 
Xt y, Zt though the motion of the wave is only in z. 

It does not appear that these forms have any appli- 
cation in nature. 



43. Remarks on the Partial Differeniial EqyuibUms 
which occur in the investigations that next follow. 

We shall have to treat equations of the form 

1^ cPW ^ , m dW 
a'' de" dt^ * r' dr' 



' " I v m \ 
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with the six values for m, 1, 2, 3, 4, 5, 6. It does not 
appear that equations of this class can be approached by 
one genenJ method of attack. Some of them yield to 
the following. Assume, for trial, TraS(^..r*); A 
being in all cases a function of v or at ^ r, which satis- 
fies the equation zi^'ja ^"j^^t <^d the index n 
diminishing by successive units. On substituting, and 
remarking that A' or ■^"•■""^» ^® fi^d * . 

+ n (m + 11- 1) . A^.f^} « 0, 

{the accent on A^ denoting the derived function of A^ 
with r^;ard to v) ; 

and, wilting down successive terms instead- of the sym- 
*bol2. 



+ {-(2n + m-2).j4'^ + n{m + n-l).-4^}.r*-* 
+ {- (2»+m-4M'^+(n-l)(m+n-2).^^}.r^ 



=0. 



[If we suppose A a function of n or a/ + r, the 
equation obtained is the same, excepting that the signs 
of the derived functions are changed]. 

Making each line»0, we find n^^-^ , and we find 
each following function in terms of the preceding func- 
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tion. And the series of functions will terminate in two 
cases. Either if one of the numbers n, n — 1, n — 2, 
&c. becomes 0; that is, if 



2' "2"" ' ""2"" ' ' 



becomes 0; that is, if m = 0, —2,-4, &c. Or if one 
of the numbers t/t + n — 1, m + n — 2, &a, becomes ; 

that is, if ^ - ], or 7 — 2, or &c., becomes 0; that is, if 

m 8 2, or m 4, &a The only numbers here which 
meet our wants are those for m » 2, m s 4, m « 6 ; and we 
are still left without solutions for m » 1, m b 3, m a 5. 
The solution for tn s 1 has, however, been found, as 
we shall mention, in the unsatisfactory form of a de- 
finite integral; and the solutions, when maS, maBo, 
&a, may be made to depend on that when m** 1. 

We invite the attention of the student of Partial 
Differential Equations to these equations. 

For m a 1, m B 3, m « 5, we shall obtain infinite 
series in descending powers of r, which are practically 
sufficient for waves diverging to great distances. _ 

For waves nearer to the centre, we may assume 

F-2(B..O, 

increasing the index by successive units. Treating the 
series in the same way, we find n » 1 — m, and 



— ^ — 
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-(2-«)5'. +l.(2-»»)5^,-0, 

&C. 

The process however produces the same numbers as 
the last» and fedls for the odd values of m. 



44. Symmetricdl divergent wave^ wUh motions 0/ 
aU particles parallel to one plane. 

Assume Fio be JZ, a function of t and r only, where 
r "i V(y^ + '^^ Then we have, 

dF dB dr dR V 



dy dr'dy drWiy + ^)' 
^£ ^ dr y 

Similarly 



1 



^l 



!, 
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fr 



The8um-^ + -.^; 



and the equation of Article 37 becomes 

1 d'B d'B 1 dR 

The solution of this equation has been exhibited 
under the form of the following definite integral; where 
is a new or fictitious angle, introduced solely for the 
purpose of being the subject of integration; where the 
integration is to be taken from 6^0 to ^air; and 
where S denotes the definite integral so taken : 

• 

j3aiSi.^(a<+rcosQ 
+ /8i.'^(a<+rcos^.log(r8in*^. 

The solution may be verified without much trouble^ 
remarking that differentiations with regard to t and r 
may be performed imder the sign of integration with 
regard to 6. 

It is difficult to extract an intelligible result from this 

Q 

expression. If for r cos ^ we put r — 2r sin' ^ or 

Q 

— r + 2r cos*^ » we can expand in terms of u or v and 

of integrable functions of 6\ but the series proceeds by 

o 
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iDiCteaaang powen of r, and is unfitted for great dis- 

tlfcTlffH 

If we use the method of Article 4S» we must make 



m-l, »--2> 



aadf auppofiiDg 



where each of the quantities ^ is a function of v or 
at'^r, implying a diverging wave, the equation of 
Article 43 becomes 






i+^'-i+lP-i) 



+ l+^A 



-I 



+ &C 



.-0; 



firom which each succeeding A is given by an integral of 
the preceding A. If we give to A the special form 
e.sm(J!n) + c), these successive integrals are easily ex- 
pressed; and the series converges with increasing values 
of r. The same is true if we take for A a function of 
u, such as e.8in(fri^+c)9 which implies a converging 

wave; here, however^ as -^ ail', the signs of A' must 

be changed. 



\ 
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- % 

45. MoHm of the parti(ie8 in this prMem. 
By Article 38, 

dt "^^ dt'' dg' 
The velocity in the direction of radius 

which, substituting the values in the beginning of last 
Article, is a -7. . The velocity perpendicular to radius^ 
measured from axis oi y towards axis of b, 

«2 ^-? ^«2 ^-.* ^«0 
r' dt r' dt r* dz r* dy 

This problem has no remarkable physical applica* 
tion* 



46. Divergent wave, with oscillatian of the center of 
each divergent wave in the direction of z; aU motions 
being parallel to the plane of ys. 

Assume JF* to boBJB.^; J3 being a function'of ( 
and r, or >]{jf + «^. Then 

^« ^a ^ dr. 
dy * dy dr 'dy 

dR y 

02 
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^F £R dr y 















ii + 



drW(2^ + ^ 
dB <* 



a?'"<irV(/+o 

dB/a» g*\ . fP-g g* 
"dr 1,7 "?/■•■ dr-V 

^F d^F <PJJ dB 3» 



., ^F d'JJ 
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Hence^ remarking that -^^ ^» ^^ therefore -n 

18 0, ihe equation of Article 37, or 

JPF ^fcPF cPF\ 



becomes 



«• 



^ 
df 






or 



1 iPB ^ . 3 dB 
i?'df "* d^'^r'dr* 

To solve this equation, we shall refer to the process 
of Article 43. There we must make m^2, which gives 

n B — s >, ^^d> supposing the wave to diveige, or J3 to 
be a function of i^ or a< — r, the equation becomes 






+ &C 



0; 



where each succeeding coefficient is deduced by an in* 
tegral of the preceding coefficient. Then B has the 
form 

and ^ has the form 

J?^.r-».« + J?^j.r**.« + &c. 



tmmmmf^i 
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Thea the velocitjr in y, or -^7 > ^^ 'T* (^^^cl^ 37)9 or 

«.f (aboTo), can be fouDd; observing tlu^^ 

dB^dB ^^_dB^^^ 

And the velocity in « 18 

T> , » dR 

Hence the velocity in the direction of radius 



r* r dr r\ r* drj r 



»R . dR 



and the displacement in the direction of radius 

And the velocity perpendicular to the radius 
r\ r* drJ r' r' dr^ r ' 



47. Interpretatum of the expression for radial dis' 
jdacement in this problem; the jHirticles, originally in a 
circle whose center is the center of divergence, wiU always 
he found in a circle of the same diameter whose center 
oscHlateSm 

Suppose that we measure from the center of the 
wave (or origin of co-ordinates), in the direction z, a 
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distance Q, a function of t and r, wUch will therefore 
be the same at any given time for all particles in the 
circle whose original radius was r» but will vary with 
the time ; and let the distance of that point from the 
quiescent place of a particle under consideration be 
called/. Then r*-ry'+(»-C)"-y"+«*-arQ nearly 
«r^—2«C, whence 



r —r — '. 
r 



The displacement of the particle in the direction of r is 



lIH^- 



Hence the disturbed value of r^ is 



r + 8 



C?H.^-?)- 



If now we make 



«-/«-/.§• 



we find 

Disturbed value of r. ^ Undisturbed value of r. 

That is to say, all the particles, which in the quiescent 
state were originally in a circle whose center was at the 
origiui will at the time t be found in a circle of the 
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same diameter whose center has moved through the 
space 



ih:^- 



in the direction of m. Hence the wave will be of the 
character of * divergent wave with oscillation of the 
center of diveigence in the direction of s, the amount 
of oscillalion being different for waves of different 
diameters.** 

We leave to the student the investigation of the 
motion of each particle in the circumference of the 
circle to which it belongs. 

From this it will easily be understood that, if motion 
be begun in the form of a circle with oscillating center, 
it will be propagated in the form of a circle with 
oscillating center; because the general formula ex- 
pressing disturbance must be such as will represent 
the special disturbance at the place of beginning of the 
disturbance, and only the formula that we have found 
will represent that special disturbance. 



48. ApplicaHon of this theory to the vibration of 
air prodticed by the vibration of musical strings. 

We shall hereafter see that the vibrations of a 
musical string may always be represented by the com- 
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bination of vibrations of equal periods, one in one 
plane passing through the string, and the other in 
another plane passing through the string, at right angles 
to the former; and that in the simplest case they will 
be a vibration in one plane. Confining our attention 
to the simplest case, and supposing » to be in the 
direction of the string^s length, and z in the direction 
of vibration, and taking a plane yz at right angles to 
the wire, it is seen that^ for determining the vibrations 
of air in that plane, we have precisely the case con- 
templated in the last sentence of last Article, namely, 
a motion begun in the form of a circle with oscillating 
center : and the theorems of Articles 46 and 47 apply 
to it The principal practical results are : that in the 
plane xy^ or in the plane normal to the plane of vibra- 
tion, the vibrations of air to and from the wire, on 
which the audible sound mainly depends, and which 
here have z for factor, are small; and that» in all 
directions, the magnitude of vibrations depends princi- 
pally on ^, whose most important term has for feu^tor 

f^\ which diminishes rapidly as the distance increases. 



49. Applioaiiofa of the theory to the vibratione of 
air produced by the r/ibraHonaofa tuning-fork 

The tuning-fork is a small instrument in the form 
represented in Figure 10, constructed of highly elastic 
metaL In use, one of its branches is strucki and the 
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whole farm is put into a state of vibration ; but» by 
holding the single stalk in the hand, all vibrations 
of that stalk are speedily deadened, and then (as will 
be perceived on mechanical principles) the remaining 
vibrations of the two branches of the fork must be 
at every moment in opposite directions. As the direo- 
lion of vibration of each prong of the fork is definite^ 
the theozy of Articles 46 and 47 applies to the vibra- 
tions of air which it produces; but the combination 
of the vibrations from the two prongs requires a special 
investigation. We shall suppose that the section of 
each stalk is a circle, and that one stalk does not 
interrupt the air-vibrations produced by the other; 
neither of which suppositions is strictly true. 

Take a plane at right angles to the two prongs 
, for the plane of ys, s passing through both prongs; 
let the interval between the two prongs be 2c; take 
the middle point of that interval for the origin of 
. co-ordinates; put 1^ for the ordinate of a particle mea- 
sured firom that point in the direction of z^ and p for 
the radial distance from that point ; then the z (in our 
past investigations) of one prong will be {^— c, and 
the of the other prong wUl be ^+c. Also the r* 
of one prong will be (f — c)"+ y*— t* +y* — 2J'c nearly, 

^f^'-i^ and rsp—^c nearly; for the other prong, 

r^p + - nearly. 
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The Telocity in y therefore produced by one prongs 
or ^ .^ (Article 46), is 



f-c [dR ^ Sfc\ 



supposing p substituted for r in the function IL Com- 
bining the terms, this becomes 



y f %^dR .dR ^dfR \ 



? 



The velocity in y produced by the other prong 
would be expressed by the same formula with signs 
of c changed, if the two prongs were in the same 
state of vibration. But the two prongs are always in 
opposite states of vibration. Hence we must again 
change sign for the entire expression for the movement 
produced by the other prong. Thus we have 

and the entire velocity in the direction of y is, 

2y dB 2y^ d^R 

p dp ' p^ dp^ • — 

I- 

The velocity in m produced by one prong, or 

T dr* - ' 



^WWfiT— ^W^pw—pHH^WIil, Hip,ll, iH.,ti„, 
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K fP* n , %ytlR ^j^R ^yt^R y* ^^ \ 

t 

whence, as before, the entire relodty in « is 

6^dB , 21* dR 2^ d^B 
p dp P dp p' dp* 

and the toial velocity in the direction of p 

— «^ X velocity in y + - x velocity in f 

Without going into the complete discussion of this 
fonnula» it may be stated that in many cases ^-7 has a 

agn opposite to that of -r- , so that the coefficient of ^ 

is negative ; and with certain values of ^, that is, in a 
direction making a certain angle with y, there will be 
no vibration. This may be verified by putting a 
tuning-fork into vibration, holding it to the ear, and 
turning it round its stalk : in four positions the sound 
sensibly dies away. 

^e coefficient of vibration of air, which is pro- 
portional to r^ (see the expression for R in Article 46), 
decreases rapidly with increasing distance. 



1^^ 
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60. Symmetrical divergent wave^ in air of three 
dimeneums ; convenience of cironlar functions for esDpree^ 
eion of wave: modification ofihe magnitude and km of 
Hie dieplacemerU of particles, and of the speed of wave, 
as the distance from the origin increases. 

Assume F to he Ii,A function of t and r only, where 

Proceeding exactly as in Article 44, we find 
dF rfB rfr dB x 

ffF d'R dr x 

dB f 1 a? ] 

cPB a? , dB y*4-<* 

Similarly, _ 

d'F d^B .V* dB 0?+^ 

^"■S^y+i"+j*'*"rfr*(aj«+y+V)tV 

<^Z ^^ ^ dB g'+y 
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And the equation of Article 87 becomes 

1 d?R JPR 2 dR 

This equation can be completelj integrated by the 
process of Article 43. Making m » 2, n "» -. l, and as- 
soming tbe solution to be 

we find 0^ and all succeeding coefficients « 0; and the 
▼alue of JS is simply — , where (7 is a function of u 
and 9. 

As in Article '45, the velocity of a particle in the 

dR 
direction of the radius vector ib -—.; and if the wave be 

a divergent wave, Ois^ function of v only, or of a4—r ; 

dr dv 'dr dv * 

«id the velocity of a particle, or ^ 

„-^-^ 

< 
Intogfa&ag this qoantity with regard to t, and making 

dv ^' 



'■^^'— ' ■■ ' ■ !■ I I 



DIVEBOENT WAVES OF THBEE DDCENSIONEL 95 

the displacement of a particle is found to be 

or oi^* 

The import of this expression will best be seen by 
assuming a form for the function D. Suppose 

2) — i . sin — (a* — r), 

the same form of function which is found convenient in 
the IJndulatory Theory of Light for a series of similar 
waves in continued succession, and to which (as we shall 
hereafter shew) all systems of recurring similar waves 
may be referred. The value of this function, after going 
through various changes with continued increase in the 
value of r, returns, when r is increased by X, to the same 
value as before ; and as the characteristic of a series of 
similar recurring waves is that at the end of a certain 
spatial interval, which we call '' the length of a wave/' 
the state of disturbance is the same as at the beginning 
of that interval, it follows that X is the length of a 
wave. The same recurrence of value is produced with 

unaltered r if we increase < by - ; which shews that the 

wave advances through a space equal to its lengthy so 
as to leave a succeeding wave exactly in the same place 

m which ihe preceding iraye wai^ in the time ^. 



t^^iimi^mmfmimm^ 
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Now, sinoe 

D-6.8in-=--(a«-r), oT^h.mur^v, 



D'wfflbe 



— 6.006 — f^: 



and the expression for displacement is 

( /2wr 2ir , . 2ir \ 



If we make tan b-^ , this expression becomes 

h 1 . /2wt»^-\ 



or 



TT 



The angle increases from (when rsO) to ^ 
(when r is 00 )• Thus we find that. 

The displacement of the particles is expressed by a 
modified wave, in which the maximum of backwards- 
and-forwards disturbance is not the same at all distances 
£rom the center of diveigencOy but yaries more rapidly 
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than the reciprocal of distance from that center. For 
great distances, however, it is proportional to the red* 
procal of distance. 

The progress of the modified wave is not uniform ; 

for to the quantity -r-- there is attached 0, or to v there 

\0 
is attached x— , a quantity increasing positively but 

more rapidly at first than at last Conceive this united 

\0 
with — r, and let r— 5- «r . Then the last factor of 

displacement is 

sin — (at — /). 

This shews that at the time i the multiple o^ in v is 
connected with r\ a quantity smaller than r. To ascer- 
tain the spatial interval of waves at a given time t, we 

must change r' by such a quantity that — r' will be 

changed by 2^, that is, / will be changed by X, or 

\0 
r — 5~ will be changed by X, or r will be changed by 

Xtf -• 

Hence the spatial interval of the waves is rendered 
rather larger by this term ; the interval in time being, 
at any given point, necessarily unaltered (as determined 

H 
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uoly by the interval of impulses at the origin), and the 
velocity of the waves is a little increased. But the 
^whole gain in space travelled over by a wave is 

g^xwholegammd-2S:^I-4- 



5L Divergmt wave of three dimeMiona, with om^ 
kUicn o/the center qfdivergenoe in the direction of m. ' 



Assume ^to be JZ^, 22 being a function of t and r 
only, where 

r-VC^^ + j^ + j*). 
TheD, by a process exactly similar to that of Art. 46, 

dF dR dR dr dR x 

IT «/.-,- «-ar, -7-. -=-«/. 



dx ' dx ' dr dx ' rfr V(^+y* + '^) * 
d'F d'R d'R x^z dR y\^^ 



daf ' daf <&^V + y" + / rf/- ' (a;* + y* + z«)*' 

(by the expansion of last Article). 
Similarly, 

dT d^ y's dR _^zW__ 
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Then 



^^' (a^ + y* + -0*' 

The sum ^+^ + ^-13 

{/r* ' 3r ' r * 

Thus the equation of Article 37 becomes 

1 d^ ^ 4} dR 
a^' df d/i^'^T'dr' 

To solve this equation, we adopt the process of 
Article 43. 

Making n « — 2, and using the form 

we have 

2^^-2.1.^,-0, 

4^'.,-3. 0.^^-0; 

h2 
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whence IB^ and all following quantities are » 0, and 
E^^E^ IfiSL.-^,then-S.-(7,and 



and 






ThiB, it will be remembered, is on the supposition that 
we confine ourselves to the divergent wave, and con- 
sider (7 as a function of v or at — r only ; if, to com- 
plete the solution, we desire also to introduce the con- 
vergent wave, we must introduce H a function of u or 
€U^r only, and the sign of its differential coefficient 
must be changed. 

JET 

The velocity in «, or -r- (Article 88), is 

dR zx dR 
dx r ' dr * 

The velocity in y 

zt/ dR 
r ' dr * 
The velocity in m 

« ^ + — . -7- . 

r dr 
The velocity in the direction of r » - x velocity in a 
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+ ?^ X velocity in y + - x velocity in jf ■ — '^'IT * 
The displacement in the direction of r 

TJi • Jt UT 

From this it follows, exactly as in Article 47, that 
the particles originally .in a spherical surface whose 
center is the center of divergence will always be in a 
spherical surface of the same diameter with oscillating 
center. And the displacement of the center of the 

spherical surface at the time tis f B'hrl -^ in the 

direction of jr. 

The elastic pressure of the air at any point (Arti- 
cle 35) isfli>(l-^-2?-^,which(ArticleS8) 



is the same as 



ED 
or 



(^""a'- dij' 



^^o-i'-f)- 



52. Application of this tJieory to an oaciUating pen^ 
dvlum with spherical hob; first, symbolical integration 
for the pressure on the whole surface. 

A spherical solid body moving in the direction of s 
will have for its coating of air one of the spherical sur- 
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faces of which we have spoken* and from it the waves 
will diveige according to the law found in the last 
Article ; the necessary condition being, that the displace- 
ment of center of that air-coating must be the same as 
the displacement of the center of the solid sphere, or 
that the function R must be so determined that, when 
applied to the sphere of the same radius as the solid 

JZ + rf ^ must be equal to the displacement 

of the center of the solid sphere. 

Now let us examine the value of the elastic pressure 
upon the surface of the solid sphera 

ilrst, we will examine the pressure upon any sphe- 
rical surface whose radius is r, and whose center was 
originally at the origin of co-ordinates. 

Conceive the surface of the sphere divided into 
annuli by planes parallel toay; let two of these planes 
be at distances from the center of the solid sphere z and 
jt-^Ss. (This z and hz are not exactly the same as the 
original z and hz, because the particles of air have a 
motion in each spherical surface ; but the difference de- 
pends on the first order of displacements ; and its effect 
CD the variable part of the elastic force, which itself is 
of the first order, will be of the second order, and may 
be neglected.) If we put f for V(a' + y*), so that 

r + ^-T', 

which for this investigation is constant, ^ and f+Sf 
will be the radii of the circular intersections by the 
two planes. The resolved part of the elastic force which 
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retards the motion of the sphere in the direction of m is 
s elastic force x area included between circles of diame- 
ters f and f+Sf ; but as, with positive and increasing 
jr, { diminishes, we must say that the resolved part of 
the elastic force which accelerates the motion of the 
sphere ■> elastic force x 2irfS{ -s . elastic force x 



We arrive at the same expression if we confine our 
attention to that side of the sphere where $ is nega- 
tive. 

Therefore, to find the total pressure acting to accele- 
rate the sphere in the direction of m^ we must integrate 
the quantity 



lirHB 



{-'4'^ 



with respect to z, from sa — r to sas + n 
The first term produces 0. 
The second term produces 

or, since 

dR dRdv dR 
dt'' dv'dt'^^'di' 

the JBecond term produces 

W ED / cPG . di 



+ -8-^ 



/ dPG ^dG\ 
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Now the ordinate Q of the eenter of *ihe sphere is 



therefore 



L{'^^'^'> 



dt ^^^ dr' 



or, as ■B"'-j->-j + -ii where (? 'is a function of v or 

(ol - r) (Article 51), 

iq if a 1 JiO 1 20 



53. Andu^um vnvwHigaiMn continued ;- determina- 
tion of the form of the Junction, and evaluation of the 
entire pressure. 

In the case of a vibrating pendulum, whose bob is 
a sphere of radius p, the ordinate Qy of the center of the 
bob or of the atmospheric sphere whose radius is p, will 
moye according to this law, 

When p is put for r, Q must » & • sin c& 

Therefore the function G must be so taken that 

dQ 

-^f as expressed above, will, when p is put for r, 

assume the shape &o • cos ct. There is no hope of doing 
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this except by making O a simple function of sine and 
cosine. Suppose then we assume for 0, 

K. sine (multiple of v + constant) 

+ L . cosine (multiple of v + constant). 

The multiple of v must be such that, to make 
our terms comparable with cos d, the multiple of t 
under the bracket will be a But v^cU'-r. Hence 

the multiple of v will be - ; and we have for O, 

^, sine j- (o<- r) + constant f 

+ L . cosine <- (orf— r) + constant[. 

When for r we put p, this becomes 

k . sine \-{at^p)+ constant^ 

+ { . cosine j - (o< — />) + constant [ ; 

where k and { are the values which K and L receive 
when for r we put the special value />• 

But in that case, which is to correspond to the 
motion of the center of the pendulum-bob, our terms are 
to depend on cL Therefore the constant, in each term, 

must be + ^ ; and our general expression must be. 
O ^ K.AoLe- {v + p) +J&* cosine -(v+/>)« 
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dQ 



SubsUtatiDg this in the expression for -^ , which, 

when after the differentiation p is put for r, is to equal 
ho.CKMCi, and remarking that for the general symbols K 
and £ we are now to put the special values k and l^ 






■i + io.cosc& 



Put e hXiAfiox the coefficients of A;^uid I in the first 
line ; then we obtain 






I 






Forming with these the general expression for 

• .3 • a V dv""*" dvj' 

which (Article 52) gives the pressure in direction z 
upon the surface of the sphere whose radius is r ; and 
putting /> for r; we have for the whole pressure on the 
solid sphere in the direction of z, 

» 

Substituting for e and /their values, the whole pres- 
sure on the sphere in the direction of « is 



m^rmtrn'm^ 
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And it is to be remarked that -^ffD^ mass of air dis- 
placed by the solid sphere. 

Now 6c, the maximum velocity of the pendulum, is 
very small in comparison with a the velocity of sound. 
Retaining only the principal term, 

pressure in the direction of z 

» mass of displaced air x ^-i • ^ • sin c^ 



54 Pendulum investigation completed ; comparieon 
of the atmospheric pressure with the resolved part of 
gravity; the oscillations of the pendulum are made to 
occupy a longer time. 

Let W be the weight of the bob. Since Q^h.sinei, 

— ^ss — Jc".8mc<, 

and the resolved pressure arising from gravity which 
produces the vibration of TTis 

— W. hc^ . sin ct 

9 - 

Hence the proportion of the pressure in » produced by 
the elasticity of air, to the pressure in » produced by 
the resolved part of gravity, is 

— weight of displaced air x Hg 
2a' X weight of bob ' * 
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But in Article 22, Hg - a\ 

Hence the proportion of the pressure in the direction 
<rf motion produced by air-elasticity, to the pressure 
produced by gravity, is 

1 weight of displaced air 
2 ' weight of pendulum-bob * 

This new pressure, it is to be remarked, diminishes 
the effect of gravity. It is not of the nature of friction, 
which depends only on the velocity; (the very small 
term multiplying cosc^ which is proportional to the 
velocity, is of the nature of friction). But the term 
which we have considered may be represented by saying, 
either that gravity is diminished, or that the inertia of 
the pendulum-bob is increased by the addition of a mass 
of air equal in volume to half the volume of the pendu- 
lum-bob. The latter is the more usual form of express- 
ing the result 

The effect of it is, that the pendulum is made 
thereby to vibrate more slowly. 

It is particularly to be remarked that this retarding 
effect is totally different from that arising from the 
^floatation " of the pendulum-bob in air. The effect of 
that floatation is to * diminish the acting weight of the 
bob by the whole weight of displaced air, and to dimi- 
nish the power of gravity in producing vibration by the 
fraction 

weight of displaced air 
weight of pendulum-bob * 
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Hence the total diminution of the power of gravity in 
producing vibration is expressed by the fraction 

3 weight of displaced air 

2 * weight of pendulum-bob ' 

3 specific gravity of a ir 

2 ' specific gravity ofpendulum-bob * 

This proposition is very important in the ooniputa- 
, tion of pendulum experiments. 

As with unaltered gravity, so with this altered 
gravity, there is no tendency to diminish the arc of 
vibration. 

54;*. Divergent wave of three dimensiona; each 
ring of particles, which was originally in a circle parol- 
lei to xy, changing its Jbrm into an ellipse; and the 
major and minor axes of the ellipse altemaiing in di^ 
rection. 

Assume J^to be Bxr/, where JZ is a function only of 
t and r or »J(x* + y* + «*). Performing the diflferentia- 
tions exactly as in the last investigations, we find 

dT d^B a? xy dR a? , Zxy dR 

daf ^ * dt** r^ r ' dr' r^ r ' dr' 

^ (PR ^ xy dR j^ Say dR 

dy'"^^' dr^'r^'' r' dr'r^'^ r 'dr' 

d^F d^ /^ wy dR z* xy dR "^ 



dz' ""^'dr^'r^ r'dr'?'^l^''dP 

{d^R 6 dR) 
|dr* r ' dr) ' 



d^F d^F d^F (d'R 
d^'^W'^d?^''^ 

,, d^F d^n 



M " > H ^i 
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Hence the equation of Article 37 becomes 



1 ffB d'B 6 dR 



Bj Article 43, a solution of this equation can be 
found in the form 

where JCtt -Thii -^» ^^ functions of v or of at-^r. 
Remarking that 

d.JT, d.K^ dv d.K^ 
dt ' dv 'dt""^' dv ' 



and that 



d.K 



dr 



d.K^ dv 
dv ' dr 






_d^K^ 
dv 



and so for each of the other functions ; our equation 
becomes on substitution, 



0-|-6.ir^ + 2^^|r- + |-4ir^+4^^' 



r . 



Making each term ^ 0, and supposing K_^ » ^, a func- 
tion of 9, 



^ dH ^ \ d^H 



dv 



S dv' 



J Xr T> fl d^J? -fl . dff w rr . 

and -^■aySi*ay-(5.-3:x^ +-jr r^-^-Hr 



"S'di?^ 



dv 



1- 
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54**. Motions of the particles in this problem: 
similarity of the motions to those of the ewrfa/A of a belL 

By Article 37, 

dX dF d , n\ n . ^^ ^ 

Similarly-^ mxR + xy-^.^. 

The velocity parallel to xy in the direction of radius 
X dX y dY t, B , dB f2R , dS\ 

This expression vanishes when x^O, and also when 
;^ » 0. That is, supposing the plane aiy to be horizontal, 
in two veitical planes intersecting at the origin of co- 
ordinates there is no motion whatever to or from the 
center. But in the first quadrant of azimuth, with 
positive X and positive y, the sign of velocity in radius 
is the same as the sign of the bracket ; in the second 
quadrant, with negative x and positive y, the sign is 
opposite to that of the bracket ; in the third quadrant, 
where x and y are both negative, the sign is the same 
as that of the bracket; and in the fourth quadrant, 
where x is positive and y negative, the sign is opposite 
to that of the bracket. This shews that the form 
of a series of particles, which in the quiescent state 
was circular, becomes elliptic, the axes of the ellipse 
being inclined 45' to the axes of x and y. And if, as 
in Article 50, we suppose iT to be a periodical function 
of V, alternately + and — in successive small portions of 
time ; then the quantity in the bracket will be alter* 
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nately + and — in successive small portions of time ; in 
these saocessive small portions of time, the radial 
▼elocity in the first quadrant will change from 
-f to — while that in the second quadrant changes from 
— to + (or vice verad), and so for the other quadrants. 
Therefore the form of the series of particles, originally 
circular, will be changing backwards and forwards, from 
an ellipse with major axis inclined 45* to x, to an 
ellipse with major axis inclined 135* to ax 

This motion is exactly that of the particles of a bell, 
hung vertically, and struck by a hammer (exterior or 
interior) on one side. And, the air being set in motion 
in this form, it will (in consequence of the applicability 
of the formula to all values of r) propagate its motion, as 
regards radial movement, in the same form. The am- 
^ plitude of the movement, or the coefficient of the 
periodical term, has for its principal factor" 

' ' which, for a given azimuth, is inversely as the square 
of the distanca 

The velocity transverse to the radius is 
^ dY y dX ^ ^R 
r' dt r' dt ^^ y^^r- 
This is maximum where the radial velocity vanishes 
and vanishes where the radial velocity is maximum. 

The velocity in the direction of e, which is ^ * or 

d , ri\ ' ' 1 dR z xyz dR 
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The theory applies to the external movemeiitB of air 
produced by a spherical bell struck on one side, or by a 
hemispherical bell whose mouth is dose to the ground. 



54***. Divergent vfave of two dimennone, of the 
same character as the UuL 

Treating this in the same manner as in Articles 44 
and 46| with the assumption F'^Bxt/, where 2 is a 
function of t and of */{sf + !^, the equation for J2 is 
found to be 

1 ^R ^ S dB 
f^' iW "" dr^'^r'dr* 

It does not appear necessary to follow the consequences 
of this equation in detail 



55. Equations for a horizontal plane wave passing 
upwards through the atmusphere, the effect of gravity 
being taken into account 

In all the investigations to this point we have 
treated the air as an elastic fluid, confined so as to be 
prevented from disseminating itself into infinite space, 
but not subject to the action of gravity. We shall now 
consider, in a simple case, the modifications which are 
introduced by the introduction of gravity. 

First, we will find the relation between the pressure 
n, the density A, and the height x^ while the air is in 
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its quiescent state. In a vertical column whose section 
is 1, the mass between x and x+ix is A x &b ; and 
fill* is supported by the excess of the pressure 11 below 
it over the pressure 11 + SII above it Therefore 

Ax&»--8n; 
whence^ taking the limiting value of the fraction, 

— »-A. 
dx 

Bj Article 13, A - ^ j therefore 

1 cHI -1 

whence 

logn«^+C; 

and, puttingP for the pressure at the ground, log Pa C; 
therefore 

logp«-^, orn«P.6"l; 

and A = ^.€"^. 

Now suppose the particle at elevation a; to be raised 
to the elevation x + X, and that at elevation a; + A to 
be raised to 

ax 
As in preceding instances, the new density A' will 



i 






HORIZONTAL PLANE WAVE, WITH QRAVITT. 11$ 

The pressure about the particle whose original place 
was X being II'^ that about the particle whose original 
place was a? + JE; will be 

the excess of upwards pressure is — -7- k. 

The weight of the matter in the same space^ pressing 
it downwards (by the action of gravity), is AA» 

Hence the whole force pressing upwards is 

CUB 

The mass is A . ^ 
Therefore 

2 

h • " • 

t Or since 11' - H. A', 



I 






i 

•J 



dx ' dx ' 



, cPX gH d£i' 

^ df ^ £^ dx 



^ dx\ "" ' dx) 



^•g^ff^SU-^M) 



gH <ZA gH dL dX ^ „ ^^ 

I2 
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Bat BDoe A iB ^, 

1 ^ Idn -1 

Also gH^a*. 

„ tPX dX »tPX 

Hence ^ - -y +y -y ^ + o« -j^ . 

^ (PX ^ dX ,<?X _ 

This equation cannot (with our present knowledge) 
be generally solved in a finite form. 

The equation may be put into a form admitting of 
an apparent symmetrical solution in infinite series, by 
using u and i^ as the independent variable& By Partial 
Differential Equations, Article 35, 

df iiaf du.dv ^ 'du.dv* 

. dX^^dX du dXdv^dX^dX 
dx du* dx dv'dx du dv* 

The equation now becomes 

<rZ ^ 1 fdX dX\ 
du.dv 4iE\dv duj* 

Neglecting the second side. 
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Substituting tins value in the second side» and inte-^ 
grating 

-*(«)+^W+,^(//-//) 

Continuing this process we find 

x-^(«)+^(t,)+2[(^)'.(/-/J{^(»)+^w}]; 

where pis to have the values 1, 2, 3, ••• oo • 

We doubt, however, whether anything is really 
gained by this form. 



56. Investigation of the motion of a spherical divert 
gent wave,/rom considerations of the movement ofparii^ 
des in a solid^ngle-sector or pyramid. 

In Articles 44 and 50, the motions of symmetrical 
divergent waves, in space of two or of three dimensions, 
are treated by means of the Characteristic Function. 
But they may be treated by the more simple and 
direct method of considering the changes of volume 
and density, and the forces thence arising, in a solid- 
angle-sector or pyramid of .very small angle. We will 
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commence with a re-invefrtigation of the problem of 
Article BO, the diveigence of a wave in space of three 
dimenaiona. - 

Let the measure of the aolid angle, estimated by 
the area of the transverse section of the pyramid at 
distance 1 firom the origin, be s; let> be the distance 
of any particle in its undisturbed state, r + 7 its dis- 
tance at the time t Between the transverse section 
at distance r and that at r + Sr, the included volume is 
#.f*.8r. When r is changed to r+T, r + Sr is 
dianged to. 

and between the transverse sections at those distances, 
the included volume is 



• (r+T)«.(Sr+^ar). 



The density A, in the neighbourhood of the disturbed 
particles whose original distance was r, is therefore 

Dx 



and the elastic pressure 11 on a unit of surface is 



mmmmm 



SECTOBIAL WAYS. 119 

For ihe partides whose original distance was r + r', 
the pressure n' on a unit of sur&ce 

The mass of matter, between a unit of surface at one. 
transverse section of the sector and a unit of surface at 
the other transverse section, is Dr\ 

It might be thought at first that, in order to deter- 
mine the movement of the truncated pyramid included 
between the original distances r and r + r\ we ought 
to compare the whole pressures at the two ends of the 
truncated pyramid. But on consideration it will be 
seen that, if we form a principal cylinder whose base 
is the smaller end, and produce it till it meets the 
larger end (as in Figure .11); .and if we estimate the 
difference of pressures of those equal bases of the 
cylinder, and compare it with the distance between 
them; and if we also form parallel small cylinders, 
occupying with their bases the remaining part of the 
large end, and whose opposite extremities cut the in- 
clined boundary; and if we estimate the resolved part 
of pressure on that inclined boundary in the direction 
of the cylinder's length; we shall find the difference 
of opposite forces to bear in all parts the same* pro- 
portion to the length of the column of air- which they 
are to move. 

The acceleration therefore, or 

g X difference of pressures 
mass mov^ T" 



r • 
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WIt^ ,J)'dr\C r drj 
„ d f2TdT\ 



tlfV^'f d«" 



W6 hftV6 



1 £T 



rfr\r drJ' 



Let Tm Vri 

,. r (PF ,rfF^ dfV \ 



whidi bemg solved by the process of Article 41 gives 

_ dE \ E 
*^"^ •?■*■?' 

(J7 being any function of v), and 

an expression equivalent to 

or at*' 
found in Aitide 49. 
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4 

(The same equation is solved by a different pro* 
oess, in the Author's Partial Differential Equations, 
Article 42.) 

.In the same manner we may proceed with such 
a problem as the following. To find the law of motion 
of a wave of air diverging simultaneously from all 
parts of the earth; supposing gravity to be inversely 
as the square of distance frt)m the center, and the 
elastic pressure to vary as the n^ power of the density 
(n being somewhat greater than 1, to make the atmo- 
sphere finite). It is necessary first to investigate the 
statical problem (as in last Article) and then to make 
the dynamical investigation (as above). An equation 
will be obtained in the form 



a being the earth^s radius, &*«-, ^k— iii7+(n— l)ck 



1 
t 

» 
I 

t 

I 



(This equation was printed erroneously in the 
Author's Partial Differential Eguaiiana, Article ~44.) 

If this equation could be solved, it might give 
some information on the ultimate effect of radiations 
of various kinds from central bodies. 
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57. Remarks en the increase due to the computed 
tetocity and pressure in aU the preceding results. 

Commencing with Article 32, we have, for con- 
venience, 87stematicall7 omitted the factor n'^« in ex- 
pressing the proportion of the change of elastic pressure 
to the change of density of the air. But this factor, 
or one of very nearly the same value, ought in all 
cases to be introduced* This will be seen on consider- 
ing the characters of the several cases to which our 
theorems apply. 

The necessity for employing the factor 6 is ez^ 
plained in Article 14; the symbol being first introduced 
in Article 17 and first applied in Article 21. There 
can be no doubt on the necessity for using it in all 



The necessity for employing the factor n is ex- 
plained in Articles 15 and 16; the symbol is first 
introduced and first applied in Articles 16 and 21. 
The reasoning in Article 15 shews that its existence 
depends entirely on the rapidity of change in the state 
x)f condensation of the air. The investigations in Arti- 
cles 24, 25, 27, 30, 31, 32, 39, 44, 46, 48, 50, and in faot 
every investigation relating to sound, imply vibrations 
which go through their period several hundred times in 
one second, and for these the factor n or 1'2 must in- 
dubitably be used. . The effect of it is that the velocity 

of transmission of the wave instead of being a or $/gW 
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will be 1*2 X JgE'. The iiivestigation of Article 61, 
or rather its application to the pendulum-vibration in 
Article 54, implies vibration in which the change firom 
least to greatest density and vice versd occupies one 
second. It is certain, firom the experiments mentioned, 
in Article 15, that a great effect of the kind, sought 
takes place in that duration of time, but it seems 
doubtful whether the whole effect corresponding to 
rapid vibrations will be produced. If the whole effect 
is really produced in that case, then, since the object 
of the investigation was merely to ascertain pressures, 
these pressures will be increased in the proportion of 
1 : ^ or 1 : n' (see Article 16) ; and in Article 54 the 
** proportion of the pressure in the direction of motion 
produced by air-elasticity to the pressure produced by 

. „ .,, , ^n* weight of displaced air 
*^ ^ 2 ' weight of pendulum-bob ' 

_ 0-72 weight of displaced air ^ 
weight of pendulumrbob ' . 

and the final result of that article will be 

l-TS specific gravity of air 

specific gravity of pendulum-bob * 



58. On the combination of similar waves travMing 
in oppc8iU directione; and on Oathnary wave,. 

If, in the motion of waves of air through a cylinder, 
or in the motion of a plane wave of air in space, 
(Articles 24, 25, 27i 39), the expression for displacement 
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of a particle consists of two fiinotions expressing wave- 
motion in opposite directions, as 

and if the two functions be trigonometric, similar, and 
with equal ooefSdents, as 

their som takes the form 

X-2J.8in(fida/.<+?^*)xcos^+^). 

Here the appearance of a travelling wave is lost 
entirely. The function presents none of the character- 
istics described in Articles 24 and 25. Yet every parti- 
cle of air, with only critical exceptions^ has a vibratory 
motion. 

If we consider a single particle, that is, if we make 
w constant^ that particle has a vibration whose coeffi- 
cient is 2b.cos\Jx+-^j, and whose law of oscilla- 

(c + tf \ 
nOqf. t + -o" ) ' S^^S through all its changes 

2'jr 
in the time -3->* The magnitude of vibrations is dif- 
ferent for different particles; but the beginning and end 
of vibration occur at the same time for all the particles. 
The coefficient vanishes, that is, the particle has no 
oscillation, where 

- , S — TT SfT Sir p 

/«+-2"-2' "2 ' "2 '^ 
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If we consider all the particles at one moment^ that 
is, if we make t constant^ the displacement of different 
particles follows the law 



cos|£p + 



It has one sign between 



^'+'-i^)- 






the opposite sign between 



/^ + -2"""2 "^^-T' 
the first sign between 

J, , « — Sir J 7ir 

&C. 

There is constant quiescence where . 

^ « — c TT Sir Sir 

■ 

The maximum value of displacement is 
always occurring; whatever be the time, where 



>+^'-o. 



or B ^^ or ■> 27r» &C. 



1 
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From the last mentionod oboracteristicB, this law 
of disturbance has received the name of the stationary 

fOOML' 

Tlie variable part of the elastic force of the air 
(Article 21) is -2>.^, 

or 2J/D.8in(n5a/.<+^).sin^+^). 
This^ for any one partide, has for coefficient 

This coefficient is greatest where 

jvr 2 2 * 2 ' 
and vanishes where 

tf ~** c 
/c+-^ = 0, TT, 27r, &c. 

On comparing this with the preceding statements, it 
appears that those points of the air which have no dis- 
placement have the greatest change of density, and those 
which have the greatest displacement have no change of 
density. 

The reader will at once perceive that the theory of 
the echo, in Article 41, applies to this case; supposing 

«-2' ^"I* 'y"®' 
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Stationaiy waves are formed, in like manner, by 
the combination of converging and divoTging waves in 
-the cases supposed in Articles 4A, 46, 50, 51. The 
reader will have no difficulty in verifying this. It will 

dR 

be necessary to distinguish (^urefully the signs of ^ 

as derived through u and as derived through v. 

59. Deficiencea still existing in the mathematical 
theory of cUmaspheric vibrations, as applied to important 
causes occurring in practice. 

The first deficiency to which we shall advert is in 
the general treatment of the reflection of waves of air. 
We have seen in Article 41, &c that the reflection of 
ordinary plane waves of air at a plane surface is treated 
theoretically without difficulty; and if we should use a 
similar process for such plane waves as occur in Arti- 
cle 42 (the formulae of that Article being so altered 
as to represent two directions of motion of wave in- 
clined to the axis z, in order to exhibit the wave in the 
generality of inclination), or for such diveiging waves 
as occur in Articles 44,46, 50, and 51 (with due alteration 
for representing the places of the two centers of diver- 
gence and the two* directions of oscillation), we should 
find no difficulty, provided we assume that the surface 
of reflection (that is, the surface along which the motions 
of the particles produced by the combination of two 
waves are at all times parallel to the portions of surface 
which they. touch) is a plane. . . \* 
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■ 

But if we assume that surface to be curved^ we 
meet with diflScuIties. It might be supposed that^ with 
a parabolic ewrtace, the movements of particles, pro- 
duced by a spherical wave diverging from the focus, 
and by a plane wave moving in the direction of the 
axis, would be so related as to shew that, by reflection 
at the parabolic surfetce, one of these waves would be 
the consequence of the other. This, however, has not 
been proved algebraically, and appears to be doubtful 
In like manner, it might be supposed that, with a 
prolate spheroidal surface, the movements of particles in 
waves diverging irom one focus and converging to the 
other focus would possess the relation proper for reflec- 
tion ; but this is equally in doubt. And these doubts 
apply to reflection at a curved surface generally. 

The second deficiency is in the investigation of the 
motions of the particles at the junction of two contain- 
ing vessels. Suppose, for instance, we consider a large 
tube stopped at one end and communicating at the other 
end with the open air. There is no difSculty in under- 
standing that there may be a stationary wave in the 
tube (the stopped end being one of the points of vanish- 
ment of motion in Article 58}, and that there may be a 
stationary divergent wave in the open air. But, if so^ 
where will be the next surface of vanishment of motion? 
or that of vanishment of variability of pressure? 
Theory has not yet answered these questions. 

We commend these problems to the attention of the 
student 
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Section V. 

TBANSmSSION OF WAVES OF SONIFEROUS VIBRATIOKS 
THBOUOH DIFFERENT GASES, SOLIDS, AND FLUIDS. 

60. Velocity of waves through gases. 

m 

The investigation of Article 21 applies in the same 
manner to all gases as to atmospheric air, excepting 
that we are not so well acquainted with the effects of 
change of temperature and sudden contraction or ex- 
pansion. Omitting these, that is, putting 1 for n$, we 
find as in Article 21, that about the particle whose origi- 
nal ordinate was a^ the density of the gas is represented . 

by D^D-^i and by Boyle^s Law, Article 10, which 

is found to apply to all gases, the elastic pressure of the 
gas about that point is therefore 

K being a constant of whose value we shall speak very 
soon. . Consequently, the elastic pressure about the 
point whose original ordinate was x + kiB 




and the excess of the former mentioned pressure, tend- 
ing to move the included mass of gas forwaid^^ is 
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^j)^L±Jc-^ the mass of gas to be moved is Dh\ and 
therefore we have the differential equation 
— ^ or — -^^ 

of wliich the solution is 



OT-^-'SK-^; 



indicating, as in Artides 24 and 25, waves whose velo- 
city is ,JgK. 

In order to explain what is meant by K, let us 
suppose that the gas is contained in vessels which are 
not rendered, by the inclosed gas, liable to any strain 
either of bursting or of contraction, and therefore that 
the gas exerts the same elastic force as the external air. 
In this state, let the specific gravity of the gas be 
B (7 X specific gravity of the external air; or, using our 
own language, let the density of the gas he Gx density 
of air. Now by Articles 8 and 13, the elastic pressure 
of the air is able to support the weight of a column of 
nmilar air whose height is H; or, in Article 13, the 
elastic pressure of air « J? x density of air. But we 
have just supposed that the elastic pressure of the gas is 
equal to that of the air, and that the density of the air 

■■ ^ X density of gas. This equation therefore becomes 

Elastic pressure of gas = 77 >< density of gas. 
Consequently our fiEU^tor £* is » -^ ; and the velocity of 
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51 
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wavesis^^. In air. treated in the same manner. 

the yelocity of waves is JgiL Therefore the velocitj of 
waves in gas is --=- x velocity of waves in air: where 

is the specific gravity of the gas, referred to air at 
the same pressure, as the standard of specific gravity. 

61. Velocity of waves through solid bodies. 

The fact of the transmission of vibrations through 
a solid body, and the calculation of the velocity of the 
wave, rest on the assumption that the particles of the 
body are so connected, that compressive force firom some 
external cause is necessary to make the particles ap- 
proach nearer together, and that extensional force is 
§ necessary to separate the particles more widely; and 

^ that the effects so produced will be proportional to the 

f forces producing them. In the extension of a longi- 

i tudinal bar of metal, we may thus represent the law : 

the weight which, if applied for extension, will in- 
crease the intervals between particles in the proportion 

1 :l + z, or which, if applied for compression, will 
diminish the intervals between particles in the pro- 
portion 1:1 — ^, must be the weight of a similar bar 
of the same metal whose length is L.z (where 2/ is a 
given length or modulus, peculiar to the metal). Adopt- 
ing for malleable iron as engineei^s data (rather un- 
certain), that a weight of 1 lb. or 3*6 cubic inches of 
iron will extend an iron bar whose section is 1 square 

k2 
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inch hy o^aqqooo ^^ ^^ length without injuring its 

elasticity, the weight of a length L» inches of a 
nnular bar, that is, the weight of Lz cubic inches of 
lion, will extend it by the fractional part 

la 1 



3-6 24000000 • 

Making this » «, we have £ » 3'6 x 24000000 inches 
» 86400000 inches » 7200000 feet Then an extension 
of the space occupied by given particles in the pro- 
portion 1 : 1 + s implies that they are subjected to an 
extensional force equal to the weight of a similar bar 
whose length is « x £, or (for iron) z x 7200000 feet, 
and consequently that they puU with that force on the 
connexions which extend them ; and similarly, miUatis 
mutandis, for a contraction of the space^ 

If now the particle, whose distance from origin was 
originally x, is disturbed through X, the particle whose 
distauce was x + A will be disturbed through 

the space occupied by particles, which was originally h, 

dX 
will now be A+ ;jr^> ^^ space is increased by thefirac- 

dX 
tional part ^ , which is to be put for z in the last 

paragraph ; and the particles which were originally in 
the position x are now pulling those on both sides of 
them with a force equal to the weight of a similar bar 
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dX 
whose length is -rr ^ ^ They are therefore pulling 

the particles in front of them backwards, with that 
force. For the particles which were originally in the 
position x-Vh, there is a force pullmg the particles in 
rear of them forwards, with the force 

\dx daf ) 
The excess of the latter gives the force really pulling 
the intervening particles forward 

The mass of matter intervening, estimated in the same 
manner, is k. Hence the acceleration forwards is 

and the equation is 

the solution of which is 

and the velocity of the waves is JgL. 

With the data above given for iron, this velocity is 
15203 feet per second. This value is larger than that 
for any other metaL ~-" 

62. Velocity of waves of sound through fluids. 

The theory of the transmission of vibrations through 
fluids is embarrassed with a complication from which that 
of transmission through solids is free. The ordinary 
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laws of equality of pressure in all directions apply, 
apparently, in the same manner to those sudden shocks 
which are distributed by pulses similar to those of 
sound, as to those slower communications of motion which 
are transmitted by visible waves* We have remarked, 
when in a barge on the sea at some distance from the 
vertical of the spot where a large quantity of gunpowder 
was fired at about 60 feet depth, that a sudden shock 
was felt upwards at the bottom of the barge long 
before there was the smallest sign of an ordinary wave. 

• 

Here the shock had been communicated by molecular 
transmission in the same manner as through an iron 
bar, but with this difference of dispersion, that it had 
diverged through a solid angle. After a wide limit of 
space, remarking that the depth of a sea or lake is 
iisuaUy a very small fraction of its horizontal extension, 
it seems probable that the waves of vibrations will 
extend as confined between two horizontal planes. 
Thus, for a distance comparable to the depth of the 
water, the investigation of Articles 50 and 56 would 
nearly apply ; for greater distances, that of Article 44 
would appear to correspond better to the circumstances. 
In either case, however, as appears from Article 50, 
the velocity of the wave will not sensibly differ from 
that of a wave transmitted longitudinally through a 
uniform cylinder. The amplitude of vibrations at a 
distant point will be diminished, but much less under 
the hypothesis that the waves diverge as between two 
parallel planes, than if the waves diverged, through 
their whole course, into three dimensions. 
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Section VL 

EXPERIMENTS ON THE VELOCITT OF SOUND, AND 
ON THE PRESSURE ACCOHPANTING ATMOSPHERIC 
WAVES ; AND COMPARISON OF THE EXPERIMENTAL 
RESULTS WITH THE RESULTS OF THEORY. 



63. BecapiHilation of the theoretical reeuUs for the 
velocity of Sound in Air. 

It has been found, in Article 24, that the velocity 
of sound in a cylinder \and x 916*2722 feet per 8econd; 
where n is a constant (Articles 15 and 16) depending on 
the increase or diminution of the elastic force of the 
air produced by sudden compression or expansion, to 
which we have assigned the probable value 1*2; and 
where ^ is a factor depending on the temperature of 

the air during the experiment, and represented by Vd 
or 



J 



450 + reading of Fahrenheit's thermometer 

482 



(Articles 14 and 17). Converting the formula into 
numbers, we have the following table of the theoretical 
velocities of sound ; 
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TheoreUooi Velocity of Sound, at different temperatures 
of the air aeindicated by FahrenheiCe Thermometer. 



Tmp, 


Vfledtjr. 


Tamp. 


Valodty. 


-40* 


1014-1 


32* 


1099-5 


-30 


1026-4 


40 


1108-6 


-20 


1038-6 


60 


1119-9 


-10 


1050-6 


60 


1131-1 





1062-4 


70 


1142-2 


10 


1074-1 


- 80 


1163-0 


20 


1086-7 


90 


1163-8 


SO 


1097-2 


100 


1174-6 



The only source of uncertaiDty in these numbers is 
the uncertainty on the value of n, (see Article 16). The 
numerical coefficients given by different theorists are 
sensibly different^ and we are yet ignorant whether the 
value of n depends on the temperature of the undis- 
turbed air. 

It appears from Article 39 that the velocity of a 
plane wave of air is the same as that of a wave in a 
cylinder: and it appears from Article 50 that the velo- 
dtj of a divergent wave is sensibly the same as that of 
a wave in a cylinder. 
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64r. Methods used far determining the velocity of 
Sound, 

In the greatest part of the experiments, the obser- 
vations have been those of the flash and the report 
of a distant cannon. The flash, and the flrst disturbanco • 
of air by the emission of gas, occur so nearly or exactly 
at the same instant, that no sensible error arises firom. 
the difference in the nature of these two phenomena. 
The same observer observes both phenomena with the 
same watch or clock ; and, if the distance of the gun be 
several miles, there is ample time for the observer to 
write down the observation of the flash before preparing 
himself for the observation of the sound. All these 
circumstances are very advantageous. The gun is 
usually pointed towards the observer, and it seems pro- 
bable that this circumstance may slightly accelerate the 
pulse of air in the beginning of its course, but possibly 
by a few feet only, corresponding to an imperceptible 
error of time. 

But there is a physiological circumst^ance, the effects 
of which have hitherto escaped notice, but which pro-, 
bably produces a sensible error; it is, that two different 
senses (sight and hearing) are employed in the observa- 
tion of the two phenomena^ and we are not certain 
that impressions are received on them with equal speed. 
Indeed we believe that the perception of sound is slower 
by a measurable quantity, perhaps 0**2, than the per- 
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ception of light; and this may affect the result with an 
error amounting to some hundreds of feet. 

We should much prefer .a plan of observation in 
which two observers observed, in the same manner, the 
time of the sound passing two stations. By using 
signals given reciprocally from two stations beyond 
both the observing stations, it will be easy to obtain 
a result for the time of passage of the sound, inde- 
pendent of the habits of each observer, independent 
of the difference of the indications of their timo-kccpors, 
and independent of the velocity of the wind. (The 
reader will verify this without difficulty, by putting 
algebraical symbols for the different elements just men- 
tioned; when it will be found that, on taking the mean 
of the two apparent times occupied by the passage of 
sound, according as the gun at first station or at second 
station is used, those elements disappear.) A process of 
this kind is employed in the measurement of higher 
velocities, as the velocity of the galvanic current in 
a telegraph-wire. 

Difficulties have sometimes been experienced, by 
persons not familiar with astronomical practices, in the 
estimation of fractions of a second of time. To avoid 
these, a timepiece was employed in the Dutch experi- 
ments to be mentioned below (perhaps, on the whole, 
the best which had been made before those of M. 
Begnault) in which the motion, being regulated by a 
pendulum revolving in a conical form, was fr^e from 
the jerks <^ a common clock, and the index could be 
stopped at any fraction of a second* 
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A most elaborate series of experiments by IL Y. 
Regnault is published in the Mimoire$ de fAcadimie 
des Sciences, tome xxxviL, occupying 575 pages. The 
most important were made in tubes prepared for con- 
veyance of gas and water in the neighbourhood of Paris : 
these tubes varied in diameter firom O'lOS mhtre to I'lO 
m&tre, and in length from 961 to 4886 mitres. The 
general principle in all was, to cover the near end of 
the tube with a firm plate (excepting in some early ex- 
periments), in which was a hole through which a pistol 
barrel was thrust ; and a charge of powder, or somo- 
times a large percussion cap, was fired. The distant 
end of the tube was covered with a sheet of caoutchouc, 
which was made to tremble by the shock of the air- 
wave : sometimes it produced a reflexion to the firm 
plate, and from it to the caoutchouc again, &a The 
pistol-explosion broke a galvanic circuity and the trem- 
bling of the caoutchouc restored it : and these galvanic 
effects were registered upon a revolving barrel, on 
which were also registered the beats of a clock and the 
vibmtions of a tuning-fork. In some experiments, 
laminiB of caoutchouc were applied to apertures in the 
sides of the tube at different distancea Finally, ex- 
periments were made in the same way without tubes, 
using the explosion of a heavy cannon. Experiments 
were also made on the velocity of sound through air of 
different densities, and through various gases. These, 
we believe, are the only experiments in which there has 
been no reference to human nerves. 
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- 65. l&tdemmt of the priiieipal modem reiulta far 
tA« wlonty of Sound. 

We confine ourselves in tbe following table, to the 
most trustworthy experiments made dnce the ^ear 1820. 



Antborit;. 




DisUncs 
iotMt. 


Velodtj 
la f..l. 


Temp. 
Fairta. 


PhiLTnna. 1823 


Goldingham 


29547 


1089-9 


32" 






13932 


1079-9 


32 


Oonn. dot Tonpo,' 
1826 




61064 


1086-1 


32 


TieniaJilirtnib,] 


Myrbach and 
Slamfar 


32616 


1092-1 


32 


Pliil.Tnuu.1824 


MoUaudYanBeeli 


67839 


1089-4 


32 


Chuli.I~ii.Tolji. 


Qngory 


13440 


1097 
■ 1085-8 


33 

64 






9874 


1117 


66 


Pmi/b 3rd Voyage 


Pany and ForBter 


12893 


1014-4 
1010-3 
1029-0 
1021-0 
102C-6 
1039-3 
1037-3 
1040-5 
1098-3 


-38-5 
-37-6 
-37-0 
-24-5 
-21-5 
-18-0 

- 9-0 

- 7-0 
-f33-5 


l!e».del'AcKlS-l _„^ ,. 
mi., ban. 37 j K"!""" 


Tariona 


1118-1 
1085-0 


35 
S3 
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The best of these experiments give results some- 
what larger than those in our theoretical table, 
Article 63 ; some, however, give results rather smaller. 
It seems not impossible that we ought to have taken 
for n a value very slightly exceeding 1*2, and also that 
there is some uncertainty in the experiments. 

It is to be remarked that, except in M. Il^[nault*8 
experiments, there are no observations sufficient to 
enable us to apply a correction for the effect of moisture 
in the air. 

M. Begnault's experiments shewed clearly that the 
greatest disturbance produced by a violent solitary 
wave travelled rather more rapidly than that of a feeble 
wave: as may be inferred from the theory of Article 33. 

We ought not here to pass over a curious remark of 
Captain Parry and Mr Fisher, in observations made in 
Captain Parry's second voyage. The stations were so 
near that the human voice could be heard; and the 
remark was, that the officer's word of command *' fire,** 
was heard about one beat of the chronometer (or § of 
a second of time, we believe) after the report of the gun. 
The instance is quite singular. Mr Eamshaw has sup- 
posed it possible that the phenomenon has some relation 
to that acceleration of the wave which occurs when the 
displacement of particles is veiy large (see Articles 32, 
33, 34). But we cannot imagine that the acceleration 
could ever amount to a space of 200 feet ; and in any 
case we imagine that when the accelerated lanre dis- 
turbance came up with the small disturbance, the two 
disturbances would be meiged into one. 
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It appears to us more probable that the phenomenon 
is physiological. We have often remarked that, when 
the report of a gun or any other violent and sudden 
noise is heard, it is preceded by the perception of a 
shock through the bodily frame, the interval in time 
being a laige firaction of a second. From the voice, 
there would be no sensible shock : but the shock from 
the cannon-explosion might be sensible, and might pre- 
cede the auditory perception of the report by a time 
sufficiently long to present itself to the observer's mind 
before the auditory perception of the voice. 



66. (hmparison, with theory, of the observed pressure 
aeoompanying an atmospheric wave : the pendulum. 

The only experiment which is sufficiently delicate 
to give a measure of the pressure of a wave is the obser- 
vation of its influence on the movement of a pendulum 
whose bob is a sphere. And the reason why this ex- 
periment is so delicate is, that the effect of the pressure 
of the wave is to lengthen the time of every vibra- 
tion; and though its effect on the time of a single 
vibration would be undiscoverable, yet its aggregate 
effect on the total time of a great number of successive 
vibrations is very conspicuous, and very little doubt 
exists as to the accuracy of the results found from it. 

Beferrinc: to books on Mechanics for descriptions of 
the methods by which the length of a pendulum to its 
center of oscillation is accurately measured and its tim^ 
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of vibration is accurately observed, it is only necessary 
bere to remark: that for different pendulums swinging 
in a vacuum, whatever be the materials of which they 
are composed, an invariable relation exists (at a given 
locality) between the length of the pendulum and its 
time of vibration : but that, in the far greater number 
of experiments, the vibrations have been observed not 
in a vacuum but in air; and that therefore a numerical 
correction to the observed time of vibration of each is 
necessary, in order to produce the time of vibration which 
would have been ob8er\'^ed in vacuum. In the reduction 
of all the earlier pendulum-observations, the numerical 
correction was computed on the supposition that the 
sole effect of the air was, to diminish the active weight 
of the bob by an absolute quantity equal to the weight of 
the displaced air, and therefore to diminish the effect of 
gravity by a proportional part represented by a fraction, 
whose numerator is the specific gravity of air and 
whose denominator is the specific gravity of the pendu- 
lum-bob. 

But it was found in the present century (in the first 
instance, we believe, by Bessel) that when different 
pendulums composed of different metals were treated 
in this way, they gave discordant results: the relation 
between the pendulum's length and its corrected time 
of vibration did not hold imiformly. In all cases it- 
was necessary to apply a larger numerical correction 
than that given by the rule which we have just stated. 

Experiments therefore were made, principally by 
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H. Bessel in Pnissiai and Mr F. Baily in England, in 
Older to discover how much the original correction ought 
to be increased. (Obeervations, not applying to the 
spherical form, were also made by Captain Sabine.) ' In 
some instances, spheres of different substances were 
used in the same state of air ; in other instances, the 
spheres were not yaried, but the density of the air was 
varied by conducting the experiments in a close case 
£rom which the air was partially exhausted by an air- 
pump. The results were the following ; 

Bessel, by comparing the vibrations of a sphere of 
brass and a sphere of ivory, in common air, found that 
the old correction ought to be multiplied by 1*95. 

Baily, by comparing the vibrations of a sphere in 
common air with the vibrations of the same sphere on 
the same mounting in vacuum, and applying the same 
process to different spheres, found for the factor : with 
spheres l^inch in diameter, platinum I'SSl, lead 1*871, 
brass 1*834, ivory 1*872; with spheres 2 inches in 
diameter, lead 1*738, brass 1*751, ivory 1*755. 

Now, in Article 54, corrected by the considerations 
cited in the latter part of Article 57, we have found, as 
the theoretical result of considering the spherical wave 
with oscillating centre, that the old correction ought to 
be multiplied by 1*72. 

We consider the agreement of the observed and the 
theoretical results as being as good as, under all the 
experimental circumstances (especially with the limita- 
tion of the surrounding space of air), could be ex- 
pected. 
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67. Remarks on whispering-gaUeriea. 

We have called attention in Axtide 59 to the diffi** 
culty in the theoretical treatment of reflexions of waves 
of air at curved surfaces. The effect of what is usually 
called a " whispering-gallery *' is included in this case ; 
and we can therefore offer only a popular and imperfect 
account of it. It will be remarked that the theory of 
reflexion of waves of air from a plane surfcice is perfect; 
and in la hemispherical dome of very large dimensions 
the curvature is small, and we may expect the theory of 
plane surface to apply with some degree of approxima* 
tion. Suppose then a series of sound-waves to issue in 
a divergent form through a not very large angle fix>m 
the speaker's mouth. Different parts of this series, 
following different radii of divergence, will meet the 
slightly-curved dome-surface at different distances: but 
each part will then be reflected in such a direction that 
it again meets the surface at successive points of con- 
tact after successive equal chords; and, for each part of 
the series, all these chords are in such a plane that, for 
each part of the series, the reflexions tend towards the 
point of the hemisphere opposite to the speaker; to 
which point there is consequently a general convergence 
of reflexion-paths. Moreover, though the lengths of 
the chords are different, yet for each part the polygonal 
sum of chords differs little (perhaps a foot or two) from 
the curved line on the dome-surface, and therefore the 
different waves from different parts meet at that op- 
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podte point in nearly the same phase. Hence they 
produce by their union a sound-wave of considerable 
intensity. 

It is proper to remark that the peculiar sound of a 
whisper is not required for exhibition of the effect ; low 
articulate sounds of musical character are reflected in 
the ''whispering-gallery** with the same perfectness as 
a genuine whisper. 



68. EKperimeniB on the velocity of Sound through 
gases. 

It is impossible for us to form an atmosphere of 
hydrc^en gas or of carbonic acid extending several 
miles, and therefore it is impossible for us to experiment 
on the velocity of sound through gas in the same way 
as through air. To explain the process which has been 
.' successfully used, we must here anticipate the results of 
a subsequent section. It must be understood then that 
when an organ-pipe is sounded in the usual way, the 
frequency of sound-waves which it produces depends 
upon the time occupied by a wave's travelling from one 
end of the pipe to tlie other (or, in certain cases, tra- 
yelling twice the length of the pipe) ; and it must also 
be understood that every definite frequency of sound- 
waves produces a definite musical note to the ear. Con- 
sequently, with a given organ-pipe, the musical note 
produced will depend on the velocity of the wave's 
travel ; and the accurate observation of the musical note 
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will give accurate information on that velocity. It is 
only necessary therefore to inclose an organ-pipe in an 
atmosphere of the gas upon which it is desired to ex- 
periment, and to adapt to it apparatus for blowing the 
gas in the same manner in which air is blown for the 
ordinary sounds of the organ-pipe, and to remark the 
note which it produces ; the relation of this note to the 
note which the same pipe produces in air, interpreted 
with reference to the theory of musical tones, which we 
shall explain in a subsequent section, gives the propor- 
tion of the frequencies of sound-waves in the pipe, and 
the proportion of the velocities of the wave's progress, 
in the gas and in air. 

Thus the experimental numbers in the following 
table have been obtained (Dulong, Mfinoires de f/n- 
stitut. Tome x.). Instead of giving the actual velocity 
of sound in each gas, it has appeared more convenient 
to give the proportion of each velocity to the velocity in 



Name of Gm. 


Proportion of 

•peoifio gravity 

to that of air. 


Theoretical pro- 
portion of lound- 
Telocity in gas to 
that in air. 


Obienred pro- 
portion of soaod- 
velocity in gas to 
that in air. 


Oxygen gas 


1-1026 


0-9523 


0-9525 


Hydrogen gas 


00688 


3-8125 


3-8123 


Carbonic acid 


1-524 


0-8100 


0-7855 


Oxide of carbon 


0-974 


1-0133 


1-0132 


Oxide of asote 


1-527 


0-8092 


0-7865 


Olefiant gas 


0-981 . 


1-0096 


0*9439 
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ftir at the same temperature. The theoretical propor- 
tiona of velocities are computed by the formula of 
Article 60. 

The defect in the observed velocity in carbonic acid, 
oxide of azote, and defiant gas, indicates a value of n 
(Articles 16, 21) » smaller for those gases than for atmo- 
spheric air. This circumstance is connected with a 
chemical theory of ^specific heat," for which we refer 
the reader to treatises on Modem Chemistry. 

]£ Begnault found firom direct experiments in tubes, 
Hydrogen 4 3*801 

Carbonic Acid. ••••••••••••^^ 

• |0'8009 

Oxide of Azote 08007 

Ammoniacal gas) 
sp. grav. 0-596 J ' 



69. Experiments on the velodtj/ of Sound through 
eoUd bodies. 

It is easy to perceive the difference in the velocities 
of soimd, as transmitted by the air, or as transmitted by 
metals (where the portions of metal are united by solder, 
&C. so as to form a continuous piece of great length, or 
where their parts are forced into firm contact by con- 
siderable tension). We have remarked, for instance, 
that a strong chain, lying upon a long and steep incline 
of a railway, transmits sound well If the chain is struck 
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at one end, and an observer at the other end applies 
his ear to it, he will perceive two sounds; the first 
conveyed by the metal, the second (which travels more 
slowly) transmitted by the air. It was in' this manner 
that Biot {Traits de Physique) made experiments oa a 
length of 951 metres of cast iron pipes, from which he 
concluded that the velocity of sound in iron is 10*5 
X velocity of sound in air; and Wertheim (Ppggendorf^ 
Erga/nzungshe/t IIl), using 4067*2 metres of telegraph 
wires, found a velocity of 3485 metres per second, 
which differs littlo from Biot's. 

Attempts however have been made to measure the 
velocity by experiments on a small scale (see Wertheim, 
A finales ds Chimie, 3"* s^rie. Tome xil.). Without going 
into details of complicated apparatus, we shall state 
that, by reference to musical note (as will be mentioned 
in a subsequent Section), the rapidity of vibration of a 
tuning-fork is known ; and that this can be exhibited 
by scratches which it makes on a glass surface moving 
tinder it, slightly covered with lamp-black. Transversal 
vibrations of a given bar, treated in the same manner, 
were made comparable with the tuning-fork-vibrations ; 
and longitudinal vibrations, in like manner, were made 
comparable with the transversal vibrations. The time 
occupied by a longitudinal vibration was held, as that 
of air in an organ-pipe (hereafter to be mentioned), 
to be the time in which a wave passed through the 
double length of the bar. Thus the velocities, as com- 
pared with that in air, were found for different metals ; 
the highest being that of iron, 15-108; the lowest that 
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of lead, 3*974. Experiments were made at the same 
time on the extensibility of the metak ; these, inter- 
preted by the theory of Article 61, gave for velocities, 
in iron, 15-472, in lead, 3'561 ; di£fering little from the 
former. 

A more remarkable method, however, has lately 
been introduced (see Kundt, Poggendorfs Annalen, 
' YoL 127). If a bar of metal, &a be chafed, it is put 
into longitudinal vibration; and if its end carry a light 
piston, which nearly fits without touching the inside of 
a glass tube, vibrations of the same period will be 
excited in the air within the tube, and the lengths of 
the waves of these vibrations may be made visible by 
scattering a very light dry dust in the interior of the 
tube^ which dust collects in little heaps in those parts 
of the tube where the air has no motion (Article 68), 
and tho corrosponding length of the wave of air is there- 
fore known. In this manner, the length of wave in the 
metal, &c. (which is the double length of the bar), is 
immediately comparable with the length of wave of the 
same period in air; and when the periods are equal, 
the velocities of the transmission of waves are in the 
same proportion as the lengths of the waves (Article 
30). Thus the following proportions of the velocities 
of sound-waves to the velocities in air were found :— 

in steel, 15*34; 

in glass, 15*25; 

in copper, 11*96; 

in brass, 10*87. 
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The velocity of sound in a stretched wire, confined 
at its ends, may be found by chafing it longitudinally 
and observing the musical tone which it produces ; the 
number of waves corresponding to that tone being 
known (Article 94, below), the double length of the 
wire must be multiplied by the number of waves. 

The velocity of sound through wood has been found 
in the same way. Along the fibre, it varies from 10900 
to 15400 feet per second ; transversally across the rings, 
from 44f00 to 6000 ; and transversally along the rings, 
from 2600 to 4600 (Wertheim, Mhnoires). 



70. JExperimenta on the velocity of Sound through 
fluids. 

A most important sorios of oxporimonts was mado 
by MM. CoUadon and Sturm, for ascertaining by 
direct observation the time occupied by sound in pass- 
ing through the water of the lake of Geneva {Annales 
de Ohimie, Tome 86). The method adopted was, to 
suspend a large bell in the water, and to strike it with 
a hammer ; at the place of observation, a tube was in- 
sorted in the water, having a large spoon-shaped orifice 
at its lower end, turned towards the origin of sound, 
and having a conical form at the upper end, terminating 
in a small hole to which the observer's ear was applied. 
The sound of a bell, weighing 500 kilogrammes {^ ton), 
sunk 3 metres (10 feet) deep in the water, and struck by a 
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man with a hammer weighing 10 kilogrammes (22 lbs.), 
was heard very well at the distance of 33000 metres 
(nearly 22 miles). Bat the experiments which they 
were enabled to carry to the greatest extent were made 
with a bell only 7 decimetres high, suspended 1 m^tre 
deep in the water^ with a striking apparatus so arranged 
that at the instant of striking the bell it fired some 
gunpowder ; the observer was stationed at a distance of 
13487 mtoes (44250 feet, or more than 8 miles). The 
Telocity found was 1435 metres or 4708 feet per second. 
The temperature of the water was 8*1 centigrade. 

Experiments made by the same philosophers on the 
compressibility of water gave, for the compression pro- 
duced by the weight of one atmosphere, 49*5 millionth 
parts of the whole* From this, using formuls similar 
to those of Article 62, they inferred a theoretical velocity 
1428 metres, agreeing well with that which was observed. 

Wertheim {Annalea de Clamie, 3rd series, Vol. 
xxm.) has attempted an experimental determination of 
the velocity of sound in water by the same method 
which we have described above (Article 68) as applied 
to various gases, namely, by immersing an organ-pipe 
in water, and forcing the water through it in the same 
manner as air; a sort of musical tone was produced, 
sufficiently good to have its pitch recognized. The 
velocities found for water of the Seine varied from 1173 
metres to 1480 metres per second; all much inferior to 
those found by the direct experiment To reconcile them, 
Wertheim supposed that the velocities in a colunm of 
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water and in an unlimited space of water are not the 
same; an idea which we do not accept Among possible 
causes of the difference, we might suggest the yielding 
of the sides of the tube when pressed by the vibrations 
of a dense liquid; the yielding would be insensibly small 
when the vibrating mass was air or any other gas. 



We are not aware that any attempt has been made 
to determine by measure the amplitudes (see Article 30) 
of the vibrations of particles of air in a Wave of Sound. 
It appears probable that they are extremely small The 
sound of an ordinary tuning-fork (Article 71) held dose 
to the ear is very loud, but its vibrations are invisible 
to the eye. They have been made sensible, in Professor 
Tyndall's experiments^ by reflexion of light. 



""^^'^'^^^'^•^^•^I'^vm^m'i'mmmmmmi 



wmm^m* 



I I m i l li p 



154 ON SOUND. 



Section VII. 

on husigal sounds, and the icanneb of 

pboducino theic 



71* The characteristic of the disturbance of air 
which produces on the ear the sensation of a masuxd 
note is, the repetition of similar disturbances at equal 
intervals of time; the greater rapidity of repetition pro* 
dudng a note of higher pitch. The Tuning-fork, the 
Siren, the Seed, the Monochord, 

Where movement of the air is produced by move- 
ment or mechanical shock of solid bodies, or even where 
it is produced by gaseous movements similar in their 
nature to those of solid bodies, we are able to trace 
their soniferous effects with great precision. And thus 
we soon arrive at the difference between noise and 
musical sound. If a cart-load of stones is emptied upon 
a hard road, it produces noise. Thunder is a noise. 
An axe or a hammer striking a tree produces a noise. 
The firing of a gun (that is, the sudden development 
of gas from a firm tube) produces a noise. In all these 
cases, there is either a single shock of the air, or (as in 
thunder) an irregular repetition, at sensible intervals, 
of single shocks, each of which may be considered as 
generating a solitary wave, such as is treated in Arti- 
cle 3L 
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But if any repetition be made, either by periodic 
shocks upon a hard substance whose agitations produce 
agitations in the air, or by periodic interruption or modi- 
fication of a current of air, — ^provided that such shocks or 
interruptions be similar in character and uniform in in- 
terval of time, and provided also that the firequency be 
included within certain very wide limits (from about 30 
in a second of time to about 10000 in a second, or even 
through a wider extent), — ^then a musical note is pro- 
duced. The more rapid is the succession of shocks, &a 
the higher is the pitch of the note. 

It is said that Galileo first remarked the production 
of a musical note by the repetition of unmusical shocks, 
on passing a pen rapidly upon the milled edge of a coin, 
which made a small snap at every roughness. The 
experiment has often been repeated by snaps of a quill 
upon the teeth of a wheel in rapid motion. But the 
instruments which give the most satisfactory evidence 
of the truth of the assertion are the following: 

(1) The tuning-fork, described in Article 49. In 
every elastic metal, when it is disturbed from a form of 
rest, in a definite manner, the force tending to restore it 
to its original state is exactly proportional to the extent 
of displacement; a state of things represented l)y the 

difierential equation --r-j » — ^* • xr; and then the law of 

displacement as connected with the time is accurately 
a law of sines; the solution of the equation being 
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Here it is eerUin that the ▼ibimtioni of air which are 
fflwnnwnifii^ to the ear follow the aimple law of nnesi 
but the rapidity ot the Tibratioiis is not ascertained* 
The note ct the taning-foik strikes the ear as Iwing 
lemarfcabty pure. 



(S) The SKren. Suppose a flat disk, j^eroed with 
a great number of holes at equal distances round its 
cirenmference» to be so placed that the nossle of a bel-. 
lows can blow directly through any of the holes when 
by the rotation of the disk the hole is brought under 
the nonle; and suppose that the disk is made, by 
dock-work| to rotate with a great speed which is regis- 
tersd by the dock-dials. Here we have a current of 
air interrupted ?eiy frequently, and at proper speed a 
powerful and sweet musical note is produced. The 
power is increased if, instead of having a single outlet 
of air, a plate similar to the rotating disk and having 
the same number of holes is firtnly fixed near it^ and 
the air is driven through these holes; so that, instead of 
a single current of air frequently created and inter- 
rupted, there are a great number of simultaneous cur- 
rents of air frequently created and interrupted. By 
observing the character of the note produced, as known 
to musical ears, and by registering the number of 
current-interruptions, it is found that corresponding to 
the note c, which is that of the white key on the left of 
the two black keys usually next on the right of the lock 
of a pianoforte, and which note is thus written 
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the number of current-interruptions is, in modem music, 
528 in a second of time. (On variations of this num- 
ber we shall speak hereafter.) 

(3) The Reed. This instrument, in its ruder form» 
(Figure 12), consists of a small pipe inserted in a lai^r 
pipe into which air is driven; the only outlet for the 
air in the large pipe being through the j' small pipe; 
and the only way by which air can enter the small pipe 
being by a long aperture that is closed by a thin plate 
or tongue of elastic metal which has a tendency to 
stand slightly open, leaving a narrow opening opposed 
to the incoming current of air. As soon as the current 
is strong, it claps the tongue close; the elasticity of 
the tongue opens it; it is clapped again, &c. The 
times of vibration of the tongue are uniform (depending 
on its elasticity), and a musical note, of rather harsh 
character, is produced. In the more refined Reeds, the 
tongue vibrates through an aperture without touching 
the sides, and then produces a sweeter musical note ; 
this is the construction used in all instruments of the 
class of the harmonium. 

(4) The Monochord, or single stretched string. 
This has usually been made, for experimental purposes, 
as a single wire, fixed at one end, passing over two 
bridges, and stretched by a weight at the other end 
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When it is wished to keep the wire in a horizontal 
podtion, the wire may either be led over a pulley, or 
may be attached to one arm of a rectangular lever, the 
other arm carrying the weight But, if a vertical posi- 
tion is admissible, it is sufficient to suspend a weight 
freely to it (as the vibration of the weight corresponding 
to a small vibration of the string is, in practice, quite 
insensible), care being taken that the wire is tightly 
nipped at the top and bottom. When such a wire is 
plucked aside and allowed to vibrate, it gives a musical 
note: the pitch of the note does not depend on the 
place of plucking it, but the quality of the tone does 
depend on it. Upon measuring carefully the length 
of the wire, the weight of the wire, and the weight 
which stretches it, the number of vibrations made in 
a second of time can be computed (the theory of this 
will be given below). If the extending weight or the 
length of the string be altered by trial till the string 
gives a definite note, for instance, the C mentioned above, 
then it is found that the calculation gives the same 
nimiber of complete vibrations (a motion backwards and 
a motion forwards being understood to mean one com- 
plete vibration) as the number of passages and inter- 
ruptions of air in the experiment with the Siren. 

All these experiments prove that the formation of a 
musical note depends on the repetition of similar dis- 
turbances of the air at equal inteiTals of time; but only 
those of the Siren and the Monochord give the means 
of computing the frequency of vibrations for an assigned 
musical note. 
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72. The quality of a musicdl note is determined 
hy the farm of the function which expreeeee the atmo- 
spheric disturbcmce. 

The investigations of Articles 21, Sec, 44, &a, 50, &a, . 
have given us expressions for the displacement of the 
particles of air in the propagation of sound, in all cases 
represented by 4> (at — x) or by a multiple of ^ (o^ — x), 
where the form of the function <f> is undetermined. In 
the JPartial Differential Equations, Article 22, it is 
shewn that, algebraically, the function ^ may be in any 
way discontinuous; and in Article 28, above, are ex- 
plained the only limitations that physical considerations 
appear to impose on the generality of discontinuity. 
We have now another limitation, namely, that the func- 
tion must be periodical (producing similar disturbances 
of the air after the repetition of equal intervals of time). 
With all these limitations, liowever, it will be seen that 
there is a very great range in the variations which may 
be given to the form of the function. But the condi- 
tion of periodicity gives great facility for the considera- 
tion or the determination of the form. Putting v for 
at^x, and supposing that the equal values of ^(v) 
return when t; is increased by X, 2X, &c., it will be seen 
that such a function may be represented to any.degree 
of approximation by a series of terms, such as 

. . 27r , . . 47r , • 

. T> 2Tr , -J ^TT , „ 

+ B^cos— V + B^cos -^v + &c.: 



BKPpm 



i«^VV^^^MPiv«^w««m««ppa 



160 



ON SOUND. 



which are all periodical when v is increased by a mul« 
tiple of X; whose aggregate may amount to or to 
any assigned value for a given value of v; and in 
which, if we wish to represent n numerical values of v, 
we have only to take n terms, and we are able to deter- 
mine the coefficients, A^^ A^, B^, B^, &c. (See the Partial 
Differential JSquaHona, Article 60, where is explained 
the process of effecting the determination so as to repre- 
sent both 4^{v) and ^'(v))* Adopting then this form, 
it appears that we may have any of the following forms 
of the function :— 

JjSm — V + -ffj cos — v, 

which goes through its changes only once while v in- 
creases by X: (This appears to be the function for the 
tuning-fork.) 

. . 47r , ^ 4sTr " 
A^sm — v + B^coB—v, 

which goes through its changes twice while v increases 
byX: 

Similar terms which go through all their changes 
three times, four times, &c., while v increases by X: 

Any combination of these terms. 

Now if we consider the first of these functions as 
representing the simple form of that disturbance which 
produces in the ear the sensation of the fundamental 
tone, then the second of these functions will represent 
vibrations recurring twice as frequently, which we shall 
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find to be vexy important in musii^ as representing the 
octave above the Jundamental tone; the third will give 
the twelfth above the fundamental tone; the fourth will 
give. the double octave above the fundamental tone, Ac 
These notes have usually been called collectively the 
hatjnonice of the fundamental tone. (Professor Tyndall 
has lately advocated the use of the term overtonee, de- 
rived from the German.) 

It appears then that every musical note may be 
represented by a combination of the fundamental tone 
and its harmonics in some proportion. It seems that 
only the note produced by the tuning-fork is confined 
to the first term or fundamental tone*. It seems 
probable (from consideration of the mechanical move- 
ments), that the ancient Heed requires the supposition 
of a great departure from the simple law of sines, which 
implies the introduction of large terms of the higher 
harmonics, greatly impairing the effect of the funda- 
mental tone. In the case of vibrating wires, we know 
from the mechanical theory (to be given hereafter), that 
there is always a mixture of harmonics with the funda- 
mental tone; the character of the mixture depending 
on the point of the wire at which motion is given to it 
by the finger or the key. — 

The pure fundamental note, as given by the tuning-- 
fork, is sweet, but somewhat inanimate. Richness is 
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given by an admixture of the two or tliree first har- 
monics. 

We shall see hereafter (Article 104), that upon the 
quality of the note or the form of the function depends 
the formation of yowel-sounda. 



73. Theory of the vibrations of a musical string. 

We shall take for unit of weight, the weight of 
length 1 of the vibrating wira Let the length of tlie 
wire between its two points of fixation be l\ and let the 
tension, expressed by a weight referred to the unit 
above mentioned, be L. We shall suppose the wire to 
have a small elasticity, so that, in the excessively 
minute increase of length produced by pulling it aside 
for vibration, its tension will not sensibly differ from L. 
For any point of the wire, let x be measured in the 
straight line from one fixed end towards the other, and 
let y and z be rectangular ordinates measured from that 
line; y and z are then the displacements of the point 
of the wire, produced by the vibration. 

For the point whose abscissa iBx^h, the other co- 
ordinates are y^-^ h^ and « — ^ A (A being indefinitely 

small). Hence the two points x and x^h are at the 
opposite angles of a parallelepiped, whose sides are 

A, -jrK ;^A, and whose diagonal (in the direction of 

that portion of the wire) is sensibly equal to A. There- 
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fore the resolved tensions on the point z produced by • 
the antecedent part of the wire are respectively — X -^ ' 

in the direction y, and -* Z ^ in the direction #• In 

like manner, using x + k for a^ the resolved tensions 
on the point X'\'k produced by the following part of 
the wire are respectively 



and 



+ L f ^ + v4 .T j in the direction y, 

+ L f J- + 7p • y) i^ *t® direction jr. 

forces, therefore, tending to move the length 



k from the axis of x, are 



and 



+ Z ^ k in the direction y. 



+ X^Z;inthe direction s. 



The mass moved is k. 

Hence, putting a* for yi*. 

As these two equations are independent and pre- 

• In the ParUal DifferttUial E^^ioiiM, p. 46, ]in« 3, nad ""wbtr* 
a^szgL," ▲ type baadroppML 

x2 
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aaAj similar, it will be sufficient in the first place to 
examine one only in detail A portion of the following 
will be found in the Arftot Differential Fquatiom, 
pages 46, &C. -, 

The solution of the second equation is^ 

For eveiy value of t^ this must « when d; >■ 0, and 
also when wl, inasmuch as the string is fixed at these 
points. Therefore, puttbg successively for x the values 

0(a«)+^(crf)-O, 

We shall call these the terminal equations. 

Since the first equation must hold for every value of 
^ ^y mustv ^; and the second equation is changed to 

and this equation must hold for every value of t, and 
consequently for every value otcU — l Put ; for o^ — / ; 
theo, whatever be the value of q, 

That is to say, the form of if> must be such that the 
value of the function is the same when the quantity 
under the bracket is increased or diminished by 22. In 
other words, the function must be periodical, going 
through its changes while the quantity which it affects 
is changed by 22. Or, 

#«^(a<-«)-^(a*+«). 



'mmf 
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where the function is periodical, going through all its 
changes and returning to the same value while the 
quantity in the bracket is altered by 22, 

In like manner, 

where the periodic character of % is similar to that of ^, 
but where there is no connexion between the forms of 
the functions and j(* 

In both these expressions, for a given value otx, the 
functions go through their periodic changes while ol is 
increased by 21, or while t is increased by 

2^ 21 

— or 



Hence the time of complete vibration, both in the direc- 

21 
tion of y and in the direction of g, is .. ^.v ; a calculable 

quantity, and which has been calculated in experiments 
made for ascertaining the frequency of vibrations corre- 
sponding to a recognized note. ' 

« 

It appears from this investigation that the vibra- 
tions of a wire fixed at both ends necessarily recur at 
equal intervals of time, and therefore necessarily pro* 
duce a musical note. 



The effect of the combination of the values of y and 
or any special value of x deserves notice. For all 
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the times r, r + — » t+— » &c> the values of y are the 

a d 

21 
same. For all'the same times r, t+ — , &c., the values 

a 

of B are the same, though generally different from those 

21 
of y. Hence, for all the times t,t+ — , Sec, the point 

of the wire will be in the same position in the plane xy, 
changing however its position in the intermediate time. 
Therefore the point of the wire will constantly describe 
the same orbit in the plane sry. This has been ren- 
dered visible by allowing the sun*light to pass through 
a narrow chink in the plane anf, and to illuminate a 
point of the wire. The orbit described by the point is 
sometimes very simple and sometimes fantastically com- 
plex. It is thought to be not improbable that these 
differences depend on the skill of' the musician who 
excites the vibration, and that they produce different 
qualities of the note. 



74. Nature of the vibratione of a musical string as 
depending upon its initial circumstances. 

For the moment, put for the quantity affected by 
the functional symbol ^. It appears that <l>{0) is a 
periodical function, never infinite in value, never chang- 
ing its value by a saUus with actual disniption of 
values, and going through all its changes while is 
changed by 2L Such a function may always be repre- 
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seuted by a sufficient number of integral powers and. 

products of 8iii--r and cos-v-; and these powers and 

products may be. converted into simple sines and cosines 
of multiples of 0. Hence the function ffi) may be 
represented by 

2 f^,.sin^j^ +2 f5,.cos5^j ; 

and, putting at-^xior in order to represent the first 
term in the expression for z^ and cU + a? for ^ in ord^ to 
represent the second termi 



«-2 j-4,.sin — ^ '"> 



-2j-4,.sm i-^ ^1 

-2|5..cos — ^1 ^Ji : • 

jr»— 2f223».cos -y— .sm— ^1 _ 

+ 2(25..8m— |-.sm— j-J, 

which satisfies the general equations and the terminal 
equations. 



or, 
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Then the yalue of ^ is 






Pot Zand ^ for the values of s and ^ when I ■'O; 
then 

Now when iT and Z* are actually given in an alge- 
hraical form, the values of A^ and B^ may be found by 
the following process. Multiply tbe given expression 

for Z by sin — y— , m being any integer, and integrate 

firom or s to X «■ Z; let /Sm be the value of the definite 

integral Multiply each of the terms — 2A^ . sin -j— 

by on— J- for the same purpose. When m differs 
from n, the product will be 

— ^.cos^ j^ |-^»*cos^ 2 ; 
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ftiid the integral (^ these tenD8from«>"0 to^^Iis 0. 
Bat^ when m»fi, the product is 

whose int^pral from x^O to «>■{ iB-^A^.t Hence 






A similar process aj^Iies to the ezprossion for Z'. 

It will be interesting to apply this method in some 
ceases. 



75. VQmUion of a string which hoi been putted 
atide at the center of its length. 

Suppose the central point of a string to be polled 
aside through the distance c, and to be then allowed to 
start from a state of rest Z* will>"0 at evexy pointy 
and therefore the whole series of terms represented by 
B^ will vanisL 

The expression for Z will consist of two parta 
From «« to a « 5 , #■■ -J- . 

^ I , id^icx 
From ^B^ toa;^/, «» y . 

Multiply the first part by sin— y-, and integrate 

from x^O to ^^Z9 ^^ inte^;ralis 

cl nir ^ 2cl . nir 



Uultipl; tha second part by sin —j- > ^od integrate 
MB aCotoz—J; the integral is . 



nir 2cl . 



The Bum gives 



.«.,. 



And, foiming the Talues of — ^, or -|- for each of 

the Tallies n»l, n^S, Ac, and then completing the 
fonauJa, we obttuo, 



-40 






0. -i, 

-4o 



+_*« 
'S^' 



I 



, „ %e f . TTx 1 . Sirs 1 . 6wai . ^ 

vhicb is the equation for the two aides of the triangle, 
ia the form suiting our purpose. 

(The attention of the algebraical student is invited 
to the circumstance, that the equation to two discon- 
tinuous straight lines of limited extent is given bjr one 
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algebraical expression for the value of the ordinate at 
every point*. The same remark applies in the next 
exampla) 

■ 

Introducing the values of Ap A^ &c^ into the 
general expression, we have for «', 

8c / . irx irat 1 . Sirx ^cU 
cos -,- — T7 sin —7- cos 



8c/ . m 



I 9 I ^ I 



. 1 . Sirx iirat , \ 



The principal note (that is, the vibration with the 
largest coefficient) is given by cos-j-, or is the funda- 



* To verify tbii theorem numerioallj, we Kave rappoeed the haie of 
the trUngltf divided into 36 equAl pMis, and have ealoolated at eveiy 
dividing point the value of the ordinate from the formula above, niing 
eight terms of the veriee ; and have oompared it with the triangular ordi- 
nate. The compariaon if ae follows (omi^ing the factor e, and moltiplx* 
iogbyioo): 

I Triangular ordinate, 

o, 6, II, 17, 22, 18, 33, 3^ 44, so, $6, 6h 67, 7«» 78, 83, 89, 94» 
Ordinate by formula, 

o, 5, II, 17, ««, «8, 33, 39, 45. SO, SB, ^h ^. 74» 77» 83. 89, 95, 

(oomparifon continued), 

jioo^ 94, 89, 83, 78, 71, 67, 61, 56, so, 44, 39, 33, «8, ««, 17, II, 6, o\ 
I 98. 95. 89. 83, 77, 71, 67, 61, 55, so, 45» 39» 33» «8, ««, I7» "• St o.( 

The student will remark in the formula of the text that at the middlo 

X I 

of the string, where 7 » ~ , eveiy trigonometrioal tenn m^u Thus wo 
Lave an incidental proof of the theorem. 
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mental note. There are none of the even harmonicsi 
depending on ooa — j— » ooa—r- , &g^ but there are all 
the odd harmonics. 

76. Vibration of a string which has hem puUed 
atide at an excentrio point 

Suppose, as an instance, the string to be plucked 

aside at the distance -^ from the first point, and to 

be allowed to start from a state of rest. 

As in the last example, the train of terms represented 
by Bt^ will yanish. To find the values of A^ we remark 

that; from 08 to«>"Tf ^'^'^f ^^^ ^^ ^""Z 



to «-t ^-oxT*- 7-j, 



Multiplying the first of these values by sin — y , 

and integrating from a? « to « *» -r » the integral is 

cl Snir 4icl . Srnr 

cos-7- +s-i-78m -j-. 

nir 4 onV 4 

Multiplying the second value by sin — j- , and inte- 
grating from w-rtox^l, the integral is 

. d Znir . 4icl . Snv 4icl . 

H cos -T— + -i-r sm -5 |-i sm nir. 

nv 4- nV 4 nV 
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The whole integral, or the som of the two parta^ is 
and therefore 

•^•^'— -3Sv"^-T -;?5?"^^ 



32e/l . Smr 3 . \ 

Giving to n the sucoessiye values 1, 2, &c^ the 
value of « is found to be 

3ic( /I . irx mU 1 . Sthb 2ira< 

»?tV 2 "^ T *^ 7— 4 "^ T «*— 

/I 1 . Sine Sirat 

/I 1 . Twas 7ira< , ) 

in which sories every 4th term vanishes. When < » 0, 
it gives for Zan expression possessing the same pecu- 
liarity which we have remarked in the first example. 

In this general value for s it will be seen that^ while 
the vibration of the largest coefficient is that of the fun- 

depending on cos -^^ 1 , yet the first 



1 1 . 5mc Sirat 1 . Girx Girai 
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even luurmonio [depending on cos —7—] has a consider- 
able coefficiBnt ; in which respect the instance before us 
differs remarkably from the first example. It is the 
practice, we believe, of all violinists to touch the strings 
of the violin with the bow, not at the middle (as in the 
first example) but at nearly three-quarter-length (as in 
the second example), or even much nearer to the end of 
the string. In selection of the point at which each 
key-lever of the piano^forte strikes its wire, we believe 
that the best makers adopt a similar principle. The 
reason appears to be that, as we have remarked at the 
end of Article 72, a richness which is pleasurable (we 
know not why) is produced by the combination of some 
of the harmonics with the fundamental note ; and that 
this condition is far better secured, as appears in the 
investigations which we have just made, by the exccn- 
tric disturbance, of the string than by the central dis- 
turbance. 

In the harp and various other instruments, the 
string is once plucked aside to produce a note ; in the 
piano^forte it is once struck ; in the violin it is. appa- 
rently, pulled aside several times in a second by the 
light touch of the bow, armed with a substance that 
produces suilioiont friction. All those oasos aro oqually 
comprehended in ihe theoiy above. 
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77. Importance of the connexion of mueical strings 
with a sounding-board. 

It has been seen in Article 48 that in a diveigent 
oscillating wave of air, such as we may suppose to be 
caused by the vibrations of a string, the motion of the 
particles is of the order of JB, whose first term varies as 

• 

the distance raised to the power— ^. Moreover, the 

smallness of dimension of a wire makes it impossible 
that it can communicate great motion even to the air 
which it touches. Hence, it is impossible that a wire 
can, by immediate action on the air, produce a sound 
easily audible to a considerable or convenient distance. 
To make it audible, the wire must be connected with an 
intermediate substance whose vibrations can produce 
a stronger effect on the air, and those vibrations must 
be excited by the vibrations of the wire. The inter- 
mediate substance used for this purpose is the sounding- 
board. 

In the violin, the wires pass over a bridge which 
rests by two feet upon the upper board; and under 
that board, at the place where one foot of the bridge 
presses, is a little post (known by the name of the 
"sound-post" or the "soul") connooting the uppor 
board with the lower board Every tremulous motion 
of a wire of the violin acts directly upon the bridge 
and upon the upper^and lower boards ; and the tremors 
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of these produce effecUye vibrations of the air, and 
di£Ebse the sound. We know that every thing depends 
on the elastic properties of these boards ; but we know 
nothing of their precise laws of vibration. 

In the piano-forte, the general construction is sim- 
pler, but the sounding board is so connected with the 
supports of the wires that it is made to vibrate by the 
vibrations of the wires. 

Though we cannot give a theory which shall apply 
accurately to the motions of the sounding-board, we 
can give one founded on motions which have a certain 
degree of analogy with the motions of the wire and 
sounding-board. Consider the wire as a pendulum, 
whose length is L and weight W^ and the sounding- 
board also as a pendulum, whose length is I and weight 
tcr ; and suppose these two pendulums to be connected 
When both are displaced through the same space s, 
the pressure-force tending to bring them back is 

the mass to be moved is W-hw; the equation of mo- 
tion is therefore 

W w 



its solution is 



3'»Ada(ct+B), 



■MP* 
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W W 

Where "^'^W+i' 

and the time of a complete vibration, in which sin {ct + JB) 
goes through all its changes, is 



27r ^ /Ll{W+w) 
"'^y giWf^LY 



The time of complete vibration of the first pendulum, 
if not connected with the second, would be 2w a /- • 

y g 

Hence the time of vibration is altered, by the connection, 
in the proportion of 1 to ^ / mTT — r • If 37 be the 

time of complete vibration of the first pendulum, and r 
that of the second, supposed to be unconnected, the 
time of vibration of the first pendulum is altered by 

the connection in the proportion of 1 to K/'yrrjk rm • 

If, in one combination, the first pendulum vibrates in 

4wr*' 

. r 

if, in another combination, it vibrates in ^ , the con- 

nection-alteration Ts as 1 to . / -rnn mi • Hence 

it appears possible that the frequency of vibration may 
be altered in different proportions for the fundamental 
note and for its harmonics; and the series of sounds 
which reach the ear may not possess the character of 



/4WV + 
* r, the connection-alteration is as 1 to a/ttfo — 
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hannonict. ' The pleasurable character of the complex 
•oond will therefore depend entirely upon laws of vibra- 
tion of the sounding-board, which we are unable to 
investigate mathematically, but which perhaps in some 
cases are rudely mastered in practice. 

We may add to this subject that, in the common 
tuning-forky the separation and approximation of the 
two branches appear to produce a longitudinal retrac- 
tion and extrusion of the central fibres of the stalk ; 
and, when the stalk is planted downwards upon a table, 
the sound of the fork is very much increased; the 
table acting as a sounding-board. In this manner it 
is commonly used by the tuners of musical instruments. 



7& Theory of the vibrationa of air in anorganrpipe 
stopped (U both ends. 

In Article 23 we found as the general expression for 
the disturbance of air in a tube (omitting, for conve- 
nience, the factors n and 0), 

from which 

The further treatment of these formul® requires us to 
distinguish three cases : (1), that of a tube stopped at 
both ends ; (2), that of a tube open at both ends ; 
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(3), that of a tube stopped at one end and open at 
the other. 

When a tube is stopped at both ends (it being sup- 
posed that adequate means are provided for putting the 
air into a state of vibration) the condition required is, 
tliat the disturbance at both ends is 0. Let the length 
be I, and let x be measured from one end ; then, exactly 
as in Aiiide 73, 

the terminal equations in this case ; from which it ap* 

pears that '^ »* ^, and that ^ is a periodic function 

going through all its changes while at increases by 2i, 

21 
or while t increases by — • The number of complete 

vibrations per second will be oi • ^ow on comparing 

the expression in Article 23 with the discussion in Arti- 
cle 24, it appears that nOa^ for which (with a convenient 
abbreviation) we have here used a, is the space described 
by external sound in one second of time. Hence the 
number of complete vibrations per second of the air in 
the closed organ-pipe is 

velocity of sound in feet per second — 
2 X length of pipe in feet 

Id ordinary temperatures the velocity of sound is about 
1090 feet per second (Article 65) ; a pipe 1*03 foot long 

n2 
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will giro 528 vibrations per second ; a number to which 
we shall hereafter refer. 

The periodic function ^, just as in Article 74, may 
contain terms depending on 



cos irat cos 2irat 
sin 



X' 8iii~r**-' 



satisfying the original equations and the terminal equa- 
tionSy and giving a fundamental note and its harmonics ; 
and, with proper exciting causes, any one of these may 
exists to the exclusion of the others. For instance, if we 
have a pipe 2*06 feet long, and if we excite the air by 
a disturbance recurring 528 times in a second, it will 

not produce waves represented by —p recurring 264 

times in a second (which gives the fundamental note for 

that pipe), but will produce waves represented by — ?— 

rocurring 528 times in a second (giving the first har- 
monic for that pipe). And so for higher harmonics. 

The velocity of a particle, as in Article 74, is ex- 
pressed by 

-, /2n7ra „ fiTrat . n7ra:\ 
+ 2 f —7 — Bn • cos —V- . sm -J-' J • 

Now, when the fundamental note alone is sounded, or 
when the only terms employed are those depending on 
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wat 



-J , that is whenn » 1, those terms are necessarily asso- 
ciated with the factor sin -r ; and from x^O to x^l 

there is no point of the tube where this fSactor vanishes. 
Therefore, in no part of the tube is the air at rest. But, 
if the first harmonic alone is sounded, or when the only 

terms employed are those depending on — j- , that is 

when n a 2, those terms are necesarily associated with the 

factor sin -T- ; and this factor vanishes when x^^, 

or at the middle of the pipe's length. There is there- 
fore a point of absolute rest at the middle of the length : 
this is called a node. In like manner, if the second har- 
monic alone is sounded, there are two nodes, dividing 
the length into three equal parts ; and so for higher har- 
monics. 

79. Theory for a pipe open <xt both ends. 

When a pipe is open at both ends, the algebraical 
conditions are totally different. The physical condition • 
to be satisfied is that^ either at the pipe's mouth, or 
more probably at a small distance exterior to it, the 
pressure and density of the air are the same as the 
pressure and density of the tranquil atmosphere. Now 
in Article 21 it is found that the variable part of A is 
^dX 
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Making this » when a^ ■> and when x^l, 

which aie the terminal equations for this case. 

The first equation, which is general for all values of 
4 gires ^' » ^^ The second gires 

which, as in Article 73, shews that ^' is a periodical 
function^ going through all its changes while the quan- 
tity affected by it is changed by 21, or while i increases 

21 
by — : giving the same number of complete vibrations 

per second, and therefore the same fundamental note, as 
a pipe closed at both ends, Article 78. The velocity of 
the particle, or 

may be represented (for the same reasons as in the 
beginning of Article 74} by 



SjOL.sm '—^ -^l 

+ 2|2),.cos — ^-j ^1 

+ 2|a,.8m —^ -'I 

. <• fn nirCat-^-x)] 
+ 2|2),.00S i-j ^|; 
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or 



2/«/v twrtxi fi7r«r\ 
(2Cw.8m— 7— .008— T- 1 

+2(2i?..co82^*.oo.!!^). 



The actual displacement of the particle will be found 
by integrating with respect to U 

Here, when the fundamental note alone is sounded, 
that is, when —j— has the smallest factor of (^ or n ■■ I, 



I 



TTX 



this term is connected with the factor cos -y > fti^d that 



irx IT 



I 



factor vanishes when 7" " o > w *■■ s • That is, there 

is perpetual quiescence of air, or a node, at the middle 
of the pipe's length. 

In like manner, when the first harmonic is sounded, 

I 31 
there will be nodes at the distances j and -^ ; when the 

second harmonic is sounded, there will be nodes at the 

distances 7^ , -x- , -j; : and so on. 
066 



80. ITieory for a pipe closed at one end and open 
at the other. 

When a pipe is closed at one end and open at the 
other, the conditioue are more complicated. Suppose 



w 
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the doeed end to be that where »»0 ; then, taking the 
general expression for X as in Article 23, 

Z- ^ ((U-«) + 1^ (at+«), 

and consequently the variable part of A 

-D.^'(at-«)-2).^'(a«+«), 
we must have^ when z^^O, X^O, or 

^(a<)+^(crf)-0; 

when »( variable part of A ■> 0, or 

The first equation being perfectly general with re- 
spect to ^ we may di£ferentiate it^ and we find 

This equation, with that immediately preceding, are the 
terminal equations here. 

From the last, '^' ^^^' \ and making this change 
of function in the second equation, 

^'(a<-Z)+^'((U+Z)«0; 
or, putting 2 for a< — ( 

This equation is different in form from that at 
which we arrived in Articles 73, 78, and 79 ; and it 
shews that, generally, the function ^' does not go through 
periodic changes, while the quantity under the function 
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is altered by any constant amount. But a simple treat-^ 
ment gives us the real purport of the equation. Since 
q may have any value, we may put r in place of q, 
thus obtaining the equation 

« 

f(r) + f(r + 2Z)«0; 

and we may give to r the value q + H^ which converts 
the equation into 

Thus we have 

*'(2) + *'(? + 2Z) -0, 

adding the two equations, 

from which we infer that ^' is a periodical function 

which goes through all its changes while the quantity 

imder the function is increased by 42. The function of 

sines and cosines satisfying this condition must be a 

- ^. -.sin 27rq -sin wq 

function of -77* , or of -j^r • 
cos 42 cos 21 

Hence -^^'ipi-^ x), by the reasoning of Article 74, will 
be expressible by 

-SjCL.sm ^^ ^ |-S|Z?,.cos— ^ ^. 

Then +^'(a< + aj)«-^'(^+«) 

--2|CL.sm— ^^P^j-2|Z>..cos— ijp-ij. 



I 
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and - ^'(ol-a:) + ^'(ol + o;) 

' ^ . nirat nwx\ 






mrai n7rx\ 



nwx WfT 



Making »»(or-^«>-3-y we find that the first ter- 

minal equation, 

-^'((rt-.0 + t'(a< + i)-O, 

can only be satisfied by making cos -^ » 0, or -^ an 

• 

odd multiple of ^ ; or the values of n must be confined 

to the odd series 1, 3» 5, &c. 

The value of 4> {at) + ^' {at), or 4> {at) - ^' (oQi ne- 
- oessarily satisfies the second terminal equation. 

The value of-^r^or a.^'(a< — a?) + a.'^'(at + a). 



is now 



x^ fan nirat . n7rx\ 
-a. 2 ( 2C7,. cos -^.sm -^j 

X* fe%T\ • mrat . n7rx\ 
+ a.2^2Z>..sm^^.sm-^^-j; 

and, integrating with, respect to t, 

V x^ fn ^ ' nirat . nirz\ 



\ nir 



nirat . nira>\ 



where n may be any of the odd numbers 1, 3, S, &c. 
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For the ftindameiital note, make n «■ 1, and the ex- 
pression for X goes through all its changes while -gj- 

changes through 2ir, or while i is changed hy — . We 

have found in the investigations for a pipe closed at 
both ends or open at both ends, that the changes occur 

while t is changed by — . Hence, with one end open 

and one closed, the vibrations of air per second are only 
half in number of those produced by a pipe of the 
same length with both ends open or both ends dosed. 
(We shall express this hereafter by saying that its tone 
is an Octave lower.) Or we may state the theorem thus; 
the number of vibrations per second in a pipe with one 
end open and one closed is the same as in a pipe of 
double the length with both ends open or both ends 
closed. 

The pipe under consideration can give none of the 
even harmonics, but can give any of the odd ones. 

Nodes or quiescent points can only occur when 

XbO, or in this instance, when sin ^j-'^O. (It will 
be remembered that x is measured from the closed end.) 
For the fundamental note, -^ must » ir, or a; » 2Z, which 
is impossible, and there is therefore no node. For the 
harmonic with n^5, -^r- mustsTr, which makes x at 

Jul 

a node » -^ . For the harmonic with n » 5, -^r- must 
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■*v or 2ir, which makes » at a nodeaB-g, or«B^; 

and 80 for higher harmonics. 

In instruments of the class of the flute and clarionet, 
there are holes at definite points, which establish such 
a communication with the external air, that the varia- 
tions of elastic pressure in the corresponding parts of 
the internal column are very small and may be .neg- 
lected. The student, acting on this suggestion, will be 
able to adapt the formulsB which we have introduced 
above^ to the case of these instruments. 

Wertheim, in the Oamptes RenduSy tome xxxni, 
and the Annales de Ohimie^ S^ series, tome zxxi, has 
given formul» (undemonstrated) for the effect of the 
transversal dimensions of oigan-pipes. 

81. Methods of exciting the vtbrationa of air in a 
musical pipe; theory of Resonance. 

In some pipes, as in the reed-tubes of an organ, 
in the clarionet, &c., the sounds are produced by forcing 
a comparatively small stream of air through a sub- 
sidiary instrument (the reed) which itself produces 
musical vibrations; in other pipes, as in organ-pipes 
with the ordinaxy mouth-piece, in the flute, Sec, the 
sound is produced by a blast of air which appears 
to possess nothing whatever musical in its character. 
To illustrate the effects of these, and more particularly 
the effect of the reed, the following case will be in- 
vestigated. Suppose that we have a pipe closed at one 
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end, and suppose that by an external action the air 
at the other end is compelled to more according to the 
law i.sinc^; to find the motion of the air in the pipe. 

The. formula for the motion of the air, given by the 
solution of the differential equations, is 

where we shall measure x from the closed end of the 
pipe. The terminal conditions are, 

Whenaj = 0, X«0, or ^(a^)+i^((rt)-0, 
for all values of t 

When a? — ^ Xafr.sinc^ 

or <^(a< — Q + ^(a< + Q«'&.sinc<. 

The first equation gives ^»— ^; and the second 
then becomes 

<^(a<-2) -<^(a<+ 2) " 6.sin ct 

It appears necessary, in the first place, that the 
multiple of t under the function be ct; which vrill be 
effected by putting the equation under this form: 

x|^(a<-2)|-x{^(«<+0}-6.Binct 

In the next place, it appears impossible that any 
function except a sine or cosine on the left hand can 
produce the sine on the right hand. Suppose then 

;^a A X sine + i X cosine. 
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Then 



cl\^ 



— A.8in[c<+— J— A.oosrc< + — j 



* ■■&.sinc& 



Or -2A.oo8cl.8in — h2A.8incl.8m-'»&.8inct 

a a 

Henoe A ■■ (unle88 sin — ■■ 0), andA« i . 

28m — 
a 

Therefore (as x^^^ 8ine + A x cosine ■■ A x cosine), 
X-x(o.-?)-x(«.+f) 



^|c08(c<.f)-C08(c^ + f)|. 



28in 
a 

Or, A—— , .smc^.sin — . 

.a a 

sin — 
a 

(It is possible that, with this term, there may be 
combined other terms of the nature of those found in 
Article 78 ; but they do not affect the present investi- 
gation.) 

* From this expression it appears^ 

Firsts that the air in the pipe is made to vibrate in 
the time corresponding to the time of vibration of the 
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• 

external cause (reed, &€.), even though that time do not 
agree with the natural time of vibration in the pipe, as 
found by preceding investigations. And therefore the 
note given by the pipe is not its natural note, but the 
note of the external cause. 

d 
Second, that if - be less than ir, (in which case 

a 

sin — never changes sign,) but not much less than ir, 

then the coefficient of vibration of air, namely, 

y . ex 
o.sm— 
a 

. cl • 
sm— 
a 

becomes for all the middle parts of the pipe extremely 
lai^. 

cl 
Third, that the condition that — be veiy little less 

than IT, or o very little less than -r- , implies that the 

time of complete vibration of the external cause, which 

is — , must be very little greater than — , or very 

little greater than that of the natural vibration in the 
pipe as closed at both ends or open at both ends. 

Hence, if a reed, &c. be blown so as to produce a 
note a very little below that of an organ-pipe (as closed 
at both ends or open at both ends), and be attached 
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to one end of tliat pipe, the other end of the pipe being 
dosedy the reed will produce ]a very loud sound, of its 
ownpitch« 

This is the theory of Resonance. It applies to 
rooms, &c which are capable of returning a distinct 
note, as well as to pipes. 

The student will have no difficulty in applying the 
same principles to other cases. Thus, if the mouth of 
the pipe be open (as usually happens), the variable part 
of the expression for density must be made to vanish, 
for all values of <, when x^^O. The value thus found 
for X is 

b ex 

— »%.smc<.cos — • 

cl a , 

cos— ' 

a 

(ThlB may be accompanied with terms similar to 
those found in Article 80.) 



82. Eedction of the air in an organrpipe upon the 
reed, dkc 

We shall now investigate, for the case of the closed 
pipe, the pressure which the air vibrating in the tube 
impresses on the reed or other agent that acts to put 
it in motion. 

In Article 21, putting Q for H'DN, the variable 
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part of the elasticity of the air is fouud to be **Q* 77 • 
Putting for X the value 

h . ex . 
I . sin — . sin 0^ 

sin- 
a 

the variable part of the elasticity is 

cbQ ex . ^ 

.cos — .sinct; 



. cl a 

a.sin - 

a 

and, when x » 2^ the variable part of the elasticity is 

cbQ . d . ^ 

. cotan - . sm ct. 

a a 

The vibrating mechanism (the tongue of the reed, for 
instance) is necessai'ily beyond the air of the oigan- 
pipe, as measured in the direction of x ; and the ex- 
ternal atmospheric air produces no sensibly varying 
pressure on its external surface. The force on the 
recd-tongue, produced by the elasticity of the air of tho 
organ-pipe, is therefore 

cbQ . cl . . 

3*. cotan — .smc^; 

a a * 

which, since cotan — is negative (as — is little less than 

ir), may be represented by + (7 . sin ct The elastic 
force of the reed-tongue itself, which produces the 
motion 6 . sin c^ is generally * o* x displacement of the 
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tODgne, or (with this Tibraiion, whoso amplitude is b) 
is — c% • sin c& Consequently, the effect of the reaction 
of the oigan-pipe-air upon the reed-tongue is, to reduce 
the magnitude of the elastic force to — (c^&— (7).sinct, 
or to diminish the yibrating force upon the reed-tongue. 
And if it is supposed, as a fundamental condition, that 
the vibrations of the reed-tongue are always to be 

made in the one certain time — , a constant power must 

be exerted upon the reed, to enable it to keep up its 
Tibrations^ much greater than is required when it is not 
connected with the oigan-pipe. 

But if (as appears to be the case in practice) the 
vibrations of the reed-tougue are determined by the 
combination of its own elastic force with the reaction 
of the oigan-pipe-air, the results are greatly changed. 
Assume that the law of vibration may be changed from 
sin ct to sin cL The effect of combining + 0^. sin ct 
with — 0*6 . sin c% is to make the entire force acting on 
the reed-tongue 

= -(c«6-a)8inc't 

or to make the force that tends to bring it to its 
quiescent point weaker than before ; and this will make 
its vibrations slower Suppose on the one hand the 
vibrations are so slow that o is not much greater than 

-^ , or - is not much greater than 5- . Then the re- 
action force on the reed-tongue» or 
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ebQ . d . .' 
a a 

has a small positive factor, or the entire force will still 
be of the character — (c^6 — a small quantity) x sin o% 
and the vibrations will still be made a little slower. 
Suppose, on the other hand, they are so slow that c' is 

not much less than -^rr , or — is not much less than - 

^ . Then the entire force on the reed-tongue will be of 

the character - {ifb + a small quantity) x sin ifi, and the 
vibrations will be made a little quicker. The consequence 
of these actions will be, that the vibrations of the reed- 
tongue will be made such that the fSetctor of t will become 

almost equal to -^ , or that its time of complete vibra- 
tion [namely ^r } > and the time of complete vibration of 

4Z 
the air in the pipe, will be almost equal to — ; which, 

as we have seen, Article 73, is exactly the same as the 
time of vibration in the pipe without any attached 
rccd. This, it will be remarked, is essentially founded 
on the supposition that the reed-tongue is so flexible 
as to permit the reaction of the organ-pipe-air in some 
measure to control its vibrations. ~ 

The symbolical investigation will be as follows. 
If the reed-tongue were isolated, its vibration would be 
represented by 6 . sin ct; which indicates that the reed- 
force i^ in all cases, - c* x the ordinate^ Hence, if its 

02 



mw ■■ ■ ■ 
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actual vibration ia&.sinc'^, the reed-force is — &cP«8inc^, 
and the entire force which acts on it is 

"Wr.smct 5,eotan— .smci. 

a a 

Hence we must have, on the mechanical principles 
of Tibration, 

— ic".sinc'<— — ^.cotan — .8inc'<«» — io'^.sind't. 

a a 

Or c^— CT"" — ^ .cotan — ■■ %-• ,— .ootan— . 

a a I a a 

• Now, in the supposed case that neithidr - nor — 

differs much from w » ^^^ 

d TT ' el ir 2 

then c**— c^9 to the first order of small quantities, is 
-75- (a — e), and cotan — a-tana: — — «, and - = -5 ; 
and the equation becomes 

from which x is determined, and, by substitution, c' is 
found. 

The tone given by the pipe does therefore, even in 
very favourable cases, depend in some degree upon the 
8ti£fne8S of the reed. 
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When the time of vibration is nearly equal to -> 

(the natural time of vibration in the pipe), the coeffi- 
cient of vibration is nowhere senaibly greater than at 
the point where the reed acts on it. 

There is reason to think that some addition is yet 
required to this theory. The results at which we have 
arrived imply that a simple vibration is produced in the 
air, whose quality, notwithstanding the non-coincidence 
of the times of independent vibration of the reed and 
the organ-pipe, is always the same. But the experi- 
ments on vowel-sound, to be mentioned below (Article 
104), prove that it is not always the same. Possibly, 
when the mathematical calculus is farther advanced, 
this may be shewn to depend on the circumstance, that 
the reed does not occupy the whole breadth of the tube, 
and waves of different period may be passing at the 
same time. 



83. Production of miLsicdl sound by a simple Hast 
of air. 

The investigation of the reaction on the reed seems 
to throv/ iome light upon that obscure subject, the pro- 
duction of musical vibrations in a pipe by a simple 
blast of air. In the ordinary mouth-piece of an organ- 
pipe, of which a section is given in Figure 13, a strong 
blast is forced through a very narrow slit, and is re- 
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crived upon a sharp edge, after which it partly enters 
the body of the pipe, partly passes into the external air. 
In the flute, a blast of air is directed by the lips of the 
flute-player upon the sharp edges of a hole in the tube, 
and then partly enters the tube. In both cases it ap- 
pears necessaiy to suppose that the air, which enters 
the tube, bears a vibration or many kinds of simul- 
taneous vibrations (which as mixed could not be distin- 
guished from ordinary noise). The same supposition 
appears necessary to explain the sounding of a stretched 
wire opposite a chink of a door, or the singing of tele- 
graph-wires^ or the whistle of a locomotive (in which an 
annular jet of stream is thrown upon the circular edge of 
a bell, and excites the note peculiar to the bell). Every 
one of these vibrations may be considered as the vibra- 
tion of a reed-tongue; and the reaction of the air in 
the pipe will modify these in the way which we have 
described for the reed. There appears to be only this 
possible difference; that these external air-vibrations 
have not that stubborn attachment to arbitrary times of 
vibration which the* reed-tongue has, and therefore 
every one of them will be so changed as to corre- 
spond exactly to the vibration natural to the organ- 
pipe. 

A skilful flute-player, making no alteration in the 
fingering of the holes, but altering the character of his 
blast, can produce not only the first note but any one of 
several of its harmonics. Here it appears to be neces- 
sary that the external vibrations should have an ap- 
proximate similarity to those in the note which is to 
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Fcr exr>fri=!e^u oq mosicil stringi^ and for the 
c^^ss cc«iTe^£L; .ippAT^^QS and manipulation, we would 
rv^ w Frvietsscr Tmdall s Lectures on Soond. The 
jkrojLr:k:u;$ vbic^ we woold recommend, as sufficient for 
u^ r^peciucc asid variadon of these, is very simple 
a:^i iiLexrviisireL Hie basis mar be a stiff piece of wood 
S v>r 4 uic^:$ brvxfci a&d 3 or 4 feet long; to <me end 
of this is £ss:eaed a common riolin string, passing 
OTvr a bric^ h^at that ^od, and passing over another 
bcid^ n<Nsr the other end, and then passing over a 
puller and y?i5v^»i>^*i>g m scale-pan, in which various 
vr^j^ts maj be pii^ed* For the expmments on har- 
ttiM^ thec« should be m second string mounted in a 
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mmilar way jMurallel to the fint: one of the strings 
should be pionded with m moveaUe bridge^ which can 
be planted at any arbitraxy point under it For pro- 
ducing sound, a common violin-bow is to be used. 
Confining ourselves for the present to the single string, 
we may pmnt out as the experiments most worthy of 
attention that^ by damping the motion of the string by 
a touch of the finger at the middle^ at | length, at 
i length, Ac, still exciting the movements by the bow, 
pure notes will be produced which the musical ear will 
recognise as the hannonics of the fundamental note; 
and thati by putting small pieces of paper on the 

• 

strings when the damping is at } length or I length, 
those which are (m the former) at } length, or those 
which are ^ the latter) at } length and f length will 
remain, showing that those |K>ints of the string are 
quiescent^ while all others are thrown off by the vibra> 
tions. ' Also^ by weighing the string, and ascertaining 
the weight in the pan, the number of vibrations per 
second can be found (see Article 73). 

85. Number of vibnUions of air in a second for 
a fundamental mueical note. 

This may be a convenient place for alluding to the 
number of vibrations corresponding to a known musical 
note called c of tiie counter-tenor scale (see Article 71). 
The oldest accurate information that we possess is that 
given by Dr Smith, Master of Trinity College, in hie 
Harmanice. He determined tiie number by the vibra- 
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tions of a string to which a weight was suspended ; 
the vibrating part of the string being measured firom 
its' suspension-point to its point of attachment to the 
weight And he says (in 1755 we believe), ''The 
Trinity organ was now depressed a tone lower, and 
thereby reduced to the Boman pitch, as I judge by 
its agreement with that of the pitch-pipes made about 
* 1720." His experiments, duly interpreted, give for C, 
' about the year 1720, 465*8 vibrations per second 

The histoiy since that time is given in a Beport 
of the Society of Arts. It contains the following 
abstract. 

Handel's value for c, 1740 499f 

A pitch recommended on grounds of 
theoretical convenience, as admitting 

of continued halving 512. 

The Philharmonic Society, 1812—1842... 518}. 

A French Commission, 1859 522. 

A German Congress (Stuttgard), 1834 ... 528. 

The Italian Opera, 1859 646. 

The Society of Arts recommended 528 for permanent 
adoption, and tuning-forks made under their authority 
are sold at a trifling price by Messrs Cramer, guaran- 
teed to give that number of vibrations. TheoreticaUy, 
the number is convenient, as it can be halved dowa 
to 33, and can also be divided by 3. (On these advan- 
tages, see a subsequent section.) 



" * """" ' ' ■■■■■I II .. J , . ,.^,. , . ,y, 



202 • ON SOUND. 

It seems nearly impossible to prevent the continued 
rise of pitch. Among other causes, the desire of an 
ambitious singer to exhibit a voice higher in tone than 
can be imitated by any other, leads to the occasional 
raising of the pitch of all instruments : then in a short 
time music is written for the use of ordinary singers 
with reference to that raised pitch, and then the rise is 
established for ever. 



86. Apparatus far experitMnU on musical pipes, 
and resuUs of some experiments. 

For experiments on pipes, we would recommend the 
student^ having furnished himself with a tuning-fork as 
above mentioned, to procure some pipes which admit 
of alteration of length, and which can also be stopped 
at pleasure. A light wooden pipe 1^ inch square and 
l8 inches long, open at both ends; with a tin pipe 
12 inches long that will just slide in it ; and with plugs 
for the two parts of the pipe, each plug managed by a 
long wire-stalk ; will be found convenient The student 
win be struck with the effect of a stopped pipe 6 inches 
or 18 inches long, or an open pipe 12 inches or 24 
inches long, in resounding to a tuning-fork whose note 
without the pipe could scarcely be heard at all (see 
Articles 79 and 80). Various openings in the side of 
the pipe will suggest themselves. This combination also 
facilitates the observation of the different intensities 
of sound produced by the tuning-fork as it is turned 
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into different position^ and of the vanishing of the 
sound in some positions (Article 49). 

Among the special experiments on the vibrations of 
air in musical pipes, we know none so important as 
those by the late Mr Hopkins, published in the Trans^ 
actions of the Cambridge Philosophical Society, YoL v. 
The vibrations of air at the mouth of the pipe were pro- 
duced by the vibrations of a plate of glass, vibrating 
(apparently) in a known time: it was found that a 
small distance of the glass-plate from the pipe made 
the phffiuomena the same as if the pipe had been quite 
open to the external air (as the experimenter who uses 
a tuning-fork will also find), but with particular cautions 
in some instances the phsenomena were made identical 
with those which belong to a closed pipe. The exami- 
nation, however, in which Mr Hopkins was most suc- 
cessful was the determination of nodal points ; which 
was effected by gradually lowering into the tube a 
stretched membrane carrying a very small quantity of 
sand, and noting its place when the sand was not 
shaken by the air. It was thus found that the node 
next to the open mouth of the pipe was somewhat less 
distant from it than that given by theory (Article 79) ; 
or, which amounts to the same thing, that the place 
where the air has always the same density as the 
external air is not exactly at the pipe's mouth but 
somewhat exterior to it (as is suggested in Article 79). 
The experiments, generally, were experiments on reso- 
nance ; and in one of these, Mr Hopkins appears to 
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have fallen precisely on the case described in Article 81, 
where a very loud sound is produced. The whole of 
this paper, theory and experiment, is well worthy of the 
readei^s attention. 

Plrofessor Tyndall has succeeded in exhibiting 
(though not with the same accuracy) the tremulous 
variations of density within a pipe, by placing thin 
membranes upon holes in the side of the pipe, and 
using these membranes as the bases of small gas- 
chambers for gas-lights; at those places where the 
yariaUons of density are considerable, the agitation of 
the membranes extinguishes the gas-lights. 
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Section VIIL 

on the elebcents of iiusical harmony and 
melody, and of simple musical composition. 

87. Fundamental Experiments on the Concord of 
the Octave, and on other principal Concorde of notee 
sounded in succession. 

There are very few persons, possessing musical 
perception of the most moderate delicacy, to whom 
the interval of tones called the Octave (we shall here- 
after give the derivation of this name) is not practi- 
cally known. If a person, hearing or uttering a 
musical sound, endeavours to produce a sound either 
higher or lower, clearly and harmoniously related to 
the original sound, he almost infallibly utters a note 
whose interval from the first is an Octave. If an un- 
educated musician, singing with others, finds the pitch 
too high, he drops his voice an exact Octave. The 
female voice is habitually higher than the male, in 
general, by more than an Octave ; but if a woman 
and a man sing the same tune together, every note 
of the woman's voice is exactly an Octave above the 
corresponding note of the man's voice. 

The discovery of the mathematical connection of 
this musical relation with mechanical causes is ascribed 
to Pythagoras. The tradition is confused, but seems 
to leave little doubt on the general fact. Pythagoras 
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found that» when the tone given by a vibrating string 
under a certain tension was noted, if the string under 
the same tension was stopped at half its length, the 
tone produced by its vibration was an Octave higher 
than before. 

To verify this, the apparatus described in the be- 
ginning of Article 84, with two strings, should be 
employed. Load the scale-pans of both strings, till 
they give exactly the same note ; then place the move- 
able bridge under the middle of one string, and it 
will give the note which the ear recognizes as an 
Octave higher than the other. Now in the formula 

I 
of Article 73, the time of vibration is ., y. ; but the 

tension L is not altered by the insertion of the bridge ; 
I however is only half what it was before. Hence, 
with the rise of an Octave, the time occupied by a 
vibration is only half what it was before, or the fre- 
quency of vibrations is double what it was before. The 
same effect may be produced in experiment, by leaving 
I unaltered but increasing L fourfold ; that is (since L 
in Article 73 expresses the tension of the wire), by 
increasing the stretching-weight fourfold. 

Of the physiological origin of our strong percep- 
tion of this relation of sounds, we can give no account 
But the perception is very definite. We have been 
assured by an accomplished musician that, while in 
musical composition some of the other concords to be 
shortly mentioned admit of being a little strained, the 
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Octaves inexorably demand the most perfect adjust- 
ment. 

On sounding in succession the two notes which 
differ by an Octave, with whichever we he^u, the effect 
is pleasurable. If we rise from the lower to the upper, 
it is animating ; if we drop from the upper to the lower, 
it is soothing. On sounding the two notes simultane- 
ously, a very rich effect is produced. 

Remarking then the strong sense of concord con- 
veyed to the ear by the combination of notes whose 
frequencies of vibrations are in tho simple proportion of 
1 : 2, it readily occurs to us to examine the effects 
of other simple proportions of frequency. The pro- 
portion 1 : 3 gives an interval (which we shall here- 
after call the Twelfth) that separates the notes rather 
too far for acairate judgment by the ear: and the same 
remark applies to 1 : 4 (the Double-Octave). But the 
proportion 2 : 3 (for which, the length of one string 
must be two-thirds of the other) gives the Fifth, an 
interval whose concord is inferior only to that of 
the Octave. The proportion 2 : 4 is only a repeti- 
tion of the Octave. The proportion 3:4 (for which, 
one string must have three-fourths the length of the 
other) gives the Fourth ; and 3 : 5 (one string having 
three-fifths the length of the other) gives the Major 
Sixth ; both good concords. —The proportion 4 : 5 gives 
the Major Third, a pleasing concord. The proportion 
5 : 6 gives the Minor Third, and 5 : 8 gives the Minor 
Sixth: both recognized as satisfactory, but only per- 
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haps by the ear of a practised musician. Proportions 
with hrgev numbers than these are not accepted as pro- 
ducing useful musical results. The pleasing effect of 
all the relations which we have mentioned can be verified 
with ease on the apparatus of Article 84. The same 
effects may be produced, in exhibiting the several con- 
cords just mentioned, by leaving the length of the 
string unaltered, and by altering its stretching-weight 
in the proportions 4 to 9, 9 to 16, 9 to 25, 16 to 25, 
25 to 36, 25 to 64, respectively ; since these produce the 

same changes, in the value of the formula ,, y, , as are 

produced by diminishing { in the proportions 3 to 2, 
4 to 3, &C. 



88. Experiments an the gradual fomuitian of the 
Concord of notes sounded simultaneously. 

If, instead of sounding two related notes in succes- 
sion, we sound them simultaneously, one person main- 
taining the action of the violin-bow on both strings 
wliUo ituoUtor luljuHiiri tho movP5bl0 bridgo, whpthor for 
unison (the exact agreement of two notes) or for any of 
the relations above mentioned (Octave, Fifth, &c.), the 
pha^nomena observed are these. While the bridge is 
£Eur from its just position, the two notes are heard sepa- 
rately, in rather unpleasant discord* As the bridge 
approaches to its just position, a rapid rattling beat 
is perceived, which changes to a slower softer throb, 
which again changes to a very slow swell and fall, 
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(more conspicuous in approaclung to unison than in 
approaching to the other concords), which finally disap- 
pears, leaving a most agreeable and animating concord. 
The sound which then reaches. the ear is not like a 
simple note, but it gives no idea of two sounds ; although 
when compared with either of the original notes, as 
sounded on a third string, it seems to be related to 
thenu 

89. JfecianicoZ ea^planaiian of Concords of Hdr^ 
mony. 

With our knowledge that every musical note implies 
a series of vibrations of air, following with similarity 
of character and at equal intervals of time (Article 71), 
the explanation of all these observed facts is simple. 
For instance, to explain the harmony in the coexistence 
of two sounds separated by an octave. Qeometrically, 
we may represent the disturbance of the air produced 
by the lower sound as a series of waves of a certain 
length travelling with sound- velocity ; and the disturb- 
anro produooil by iho uppor houuiI titi a series of waves of 

« 

half the length travelling with the same sound-velocity, 
and therefore always holding the same relation to the 
series of longer waves. The union of these produces 
a wave more complex than either separately. If the 
long wave be much the larger (in the amplitude of 
vibrations of its particles), the result will be a modi- 
fied long wave, or (musically) a modified low note^ 
if the short wave be much the laiger, the result will be 

P 
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a modified short wave or modified high note ; in other 
cases it will he different firom either. Algebraically, 
we combine A. sin (J9i+ CT) with D. sin {iBt + E), and 
the steps are the same. 

Again, to explain the harmony in the coexistence 
of two sounds whose interval is a Fourth (see above). 
Geometrically, for every three waves producing the 
lower note, there are four waves producing the higher 
note, and these produce a complicated wave, recurring 
with exactly the same character after every third vibra- 
tion of the lower note. The ' frequency * of that recur- 
rence is probably too slow to catch the ear ; but the 
continued recurrence of waves, which though compli- 
cated, are precisely similar, does produce an agreeable 
effect. Algebraically, as the frequency is proportional 
to the fipu^r of i in the expression for. the disturbance, 
we have to combine such a quantity as ^ . sin (3^^ + O) 
with such as Z>.sin (4jSt + J^ ; if D is equal to A^ the 
sum is 

iA.cosi^ 2 j-«^^( 2 )' 

.shewing that there is a note with the rapid vibration 

7Bt 

- p- , whose coe£Scient varies according to the slower 

St 

period -^ ; with different values of A and D, the effect 

is more complicated. 

: There is one remarkable instance in which the 
'firequency' of the recurrence of the complicated waves 
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not unoommonlj shows itself. Suppose that, on a 
piano which is accurately tuned, without striking a> 
note which we regard as fundamental note, we striko 
simultaneously the Octave above that fundamental, the 
Twelfth abpve the fundamental, and the Double Octave 
above the fundamental Their vibrations are twice, 
three times, and four times, respectively, as rapid as 
those of the fundamental note. The complicated wave 
which they produce recurs therefore in the same form« 
after a period exactly the same as the simple wave 
which would produce the fundamental note. As that 
note is not very far removed in the scale, we may 
expect to be able to perceive, amid the complication, 
the fundamental note ; and we frequently can perceive 
it. This is called the Grave Harmonia 

An able musician (unacquainted'with the mathema- 
tical theory) has remarked to us that, when the three 
notes above mentioned are sounded simultaneously, the 
ear always craves something ' more ; but, if the funda- 
mental note is sounded with them, a magnificent con- 
cord is produced, and the ear is perfectly satisfied. 

90. Oeometrical representation of Concorde. 

In attempting to exhibit to the eye of the student a. 
geometrical representation of interfering waves of air, we 
shall indicate one difficulty for which he must specially 
prepare himselfl If the subject had been interfering, 
waves of water, or interfering; waves of luminiferous 

p2 
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ether, we oould have exhibited them without diflScidty; 
because the displacement of particles. which produces 
the wave is, in great measure in the first instance, 
and entirely in the second instance, at right angles to 
the direction' of the wave's motion, and ib therefore at 
right angles to a line of abscissa which represents either 
space in the wave's course (for shewing the simulta- 
neous state of numerous particles), or time (for shewing 
the successive states of the same particle). But when 
we treat of interfering waves of air, we must treat of 
motions of particles which are strictly in the direction 
of the wave's motion. It would not be easy to exhibit 
these geometrically in an intelligible form. We shall 
therefore represent the displacements of the partides as 
if they were normal to the line of the wave's course, 
and we must b^ the student always to remember that 
these are merely symbolical representations of displace- 
ments which are really parallel to the wave's course. 

lurst, to represent the concord of the Octave. We 
have here to combine the displacements represented by 
the two formula sin Bt and sin {2Bt + 1!), Article 89, A 
and D being made ■>!, and C/bO. It is evident that 
we obtain different formula according to the value 
which we assign to J?. If ^s 0, we have the curve 
represented in Figure 14 ; and this law of complex un- 
dulation recurs in the same form, as long as the concord 
IB kept up, and thus produces the pleasing effect of con- 
tinual repetition of the same undulation. If E^90\ 
we have the curve of Figure 15 ; this exhibits a different 
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law of complex undulation, continually repealing itself, 
and also pleasing. These are the extreme cases: for, if 
we make E^ 180*, we Ml back on the first case. Now 
when we strike the notes for concord, we cannot tell 
whether we produce the first of these, or the second, or 
something intermediate : but» whichever it may be, ita 
continued repetition is very pleasing. Nevertheless, we 
shall shortly treat of instances in which the difference 
between these two complex undulations does strike the 
ear as very offensive. 

Second, to represent the concord of the Fourtk 
(those of the Fifth, Third, Sixth, have characters nearly 
similar to this). We have to combine the displacementa' 
represented by sin 4iBt and sin {3Bt -hH). If JS^m 0, we 
have the complex curve of Figure 16 ; if E^ 22*. 30' we 
have the complex curve of Figure 17. These are the 
extreme cases: if we make J?«45*, we again obtain 
Figure 16. The continued repetition of either of these 
produces a sound very agreeable to the ear : so also does 
the continued repetition of any of the intermediate com- 
binations ; and we know not, in any particular instance 
of striking the two notes, which of the complex undu- 
lations we have obtained. Yet, as in the instance of 
the Octave, we shall find cases in which the difference 
between these complex undulations is very 
able. ^ 
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91. Buggetted explanaium of Concords of Melody. 

On the subject of Harmony, or the agreeable con- 
sonance of simultaneous notes, we have probably said 
enough. But this does not strictly apply to Melody, 
or the agreeable relation of successive notes. This must 
depend on some peculiar properties of our nervous phy- 
siology. It would almost seem that there is something 
in our Sensorium which is put into vibration by vibra-. 
tions of air, and that these vibrations subsist after the 
cessation of the atmospheric cause, through a time suf- 
ficiently long to be mingled with the vibrations pro- 
duced by the next atmospheric disturbance, and thus 
to produce the effects of genuine Harmony. The ex- 
pression of ''sound continuing to ring in our ears" may 
not be so purely poetical as is usually thought 



92. On Beats. 

We have alluded, in describing the experimental 
observations of Concords, to Beats. In the case of 
beats observed during the operation of bringing one 
string into unison with another, the explanation is sim- 
ple. Suppose that while one string makes 100 vibra- 
tions the other makes 101 vibrations ; or, which is the 
same thing, suppose that while there are 100 waves 
from one source there are superposed upon them 101 
equal waves firom another source. When the two waves 
are exactly in the same phase, one wave increases the 
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other, and the amount of agitation produced is very 
great But after 50 waves from the first source have- 
passed, there have passed 50^ waves from the 8econd> 
source : the two waves are now in opposite phases : an 
advance of particles of air produced by one wave is 
neutralized by a retreat of the same particles produced 
by the wave from the other source, and the particles 
are left absolutely at rest And this rest continues sen- 
sibly through several waves. After this, the relative 
position of the two interfering waves changes, they begin 
to produce a real residt, and after 100 waves from the 
first source the two waves are again united in the great- 
est force. The same change goes on in every successive 
100 waves. Suppose that the first string under con- 
sideration produces 400 vibrations in a second of time. 
Then if the second string gives 101 waves for 100 of 
the first, their combination will produce a strong sound 
and a weak sound four times every second : if their 
tones are brought nearer, so that the second string gives 
201 waves for 200 of the first, there will be a strong 
soimd and a weak sound twice every second : if they are 
adjusted still more nearly so that 801 waves of the 
second string correspond to 800 of the first, there will 
be a strong and a weak sound every two seconds of 
time. These are the beats of notes nearly in unison. 

Algebraically, we have merely to add 

where b is small The sum is 

2A.coa{bt+D''C).ein{Bt + lt+D'hO); 
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• 

which exhibits a rapid vibration^ that depends on 
{B+b)t differing veiy little firom Bt, and where the 
coefficient of vibration has the slowly vaiying fietctor 
oo§ {bt + D^C), which slowly diminishes, vanishes, rises 
with opposite sign, increases, diminishes, and vanishes^ &c. 

In figure 18, we have represented the Beats of 
Imperfect Unison as produced by two waves nearly in 
unison ; but instead of supposing the times of vibration 
as 100 to 101, &C., we have (for convenience) supposed 
them as 10 to 11. 

The treatment of two sounds nearly in concord (not 
in unison) is somewhat different In the union of two 
waves whose interval of tone is nearly an Octave, we may 
suppose that we combine sin Bt with sip (2£f + bt+ 0), 
where h is very small, and where consequently ht+ 
changes its value very slowly, going through its phases 
perhaps once in half a second of time, or once in a second. 
Now bt+ C occupies the place of E in the preceding 
investigations. Hence, when bt+ Gb* 0*, or 180*, or 
SCO*, &C., we have for a time the complex undulation of 
Figure 14 ; when bt+G^ 90*, or 270*, &c. we have that 
of Figure 15: the complex undulation is constantly 
shifting firom obe of these forms to the other, and the 
effect is painful to the ear. 

In like manner, when the interval of the combined 
sounds is nearly a Fourth, and we combine sin ^Bt with 
sm (3J% + &<+ C)> i<+ takes the place of E; and 
whenever bt+ amounts to 0*, 45*, 90*, &a, the con* 
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bined undulation is represented by Figure 16 ; and when 
it amounts to 22*. 30', 67*. 30', &c the combined undu- 
lation is represented by Figure 17 ; and the alternate 
change from the state of Fig. 16 to that of Fig. 17, and 
from the state of Fig. 17 to that of Fig. 16, and back 
again, &c., is very disagreeable. We have seen it de- 
scribed as '' an angry waspish fluttering." 

93. On the doctrine of proportions of the number 
of vibratione in a second as representing musical in* 
terwds. 

Before entering into the subject of Musical .Scale, 
we must expressly remind the reader, that the rela- 
tion between two musical notes expressed by the terms, 
a Third, a Fourth, &c., does not depend on the number 
of vibrations per second of either note, or the numerical 
difference of the numbers of vibrations per second for 
the two notes, but on the proportion of the number of 
vibrations for one note to the number of vibrations of 
the other note. Thus if a note No. 1 corresponds to 4f80 
vibiutions per second, and a note No. 2 to 720 vibra- 
tions per second, and a note No. 3 to 960 vibrations 
per second; then, referring to the proportions and 
names of intervals in Article 87, it will be seen that 
the note No. 3 is higher than the note No. 1 by an 
Octave, the note No. 2 is higher than the note No. 1 
by a Fifth, and the note No. 3 is higher than the note 
No. 2 by a Fourth. (So that the successive intervals 
-of a Fifth and a Fourth make up an Octave.) And 
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if we had a note Na 4 corresponding to 640 vibrations 
per second ; then the note No. 4 is higher than No. 1 by 
a Fourth, and No. 3 is higher than Na 4 by a Fifth. 
(So that the sacoessive intervals of a Fourth and a 
Fifth make up an Octave.) But the same remarks 
would have applied if the four numbers had been half 
the precedbg (240, 360, 480, 320) or any multiple or 
submultiple of them. In fact, every expression of in* 
Urval is an expression of proportion only, and is some- 
times conveniently given by logarithms (see Article 
93»*). 

As we say that the note with 640 vibrations is 
a Fourth above the note with 480 vibrations; so we 
also say that the note with 480 vibrations is a Fourth 
below the note with 640 vibrations; and so for all 
others* 

93*. On the gimple Scale of Music 

The notes in the greater part of the tunes, songs, 
hymns, &c., sung by persons not acquainted with arti- 
£cial music, are included within the compass of an 
Octave. And, whatever notes are adopted within any 
Octave, if we adopt similar notes in the Octaves above 
and below it (meaning, by ' similar notes/ notes whose 
numbers of vibrations bear to the number of vibrations 
in the first note of the series the same proportion in one 
Octave as in the other), we infallibly secure a series 
of strong concords, and also give great facilities for 
notation. These appear to be the principal reasons 
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« 

which have induced mankind to use, in keyed instni- 
ments (as the Pianoforte and Organ) or in stringed 
instruments where no alteration is made, during musical 
performance, in the length of strings (as the Harp), a 
series of notes defined in one Octave by the concords 
given in Article 87, with some additions ; and to repeat 
them in other Octaves above and below ; and even to 
mark them with the same letters. 

The letters are A, B, c, &a to 0. Apparently at 
some time in the history of Music, A was considered 
the fundamental note. But in modem Music, C is always 
considered the fundamental, in the same sense in which 
it is taken in Article 87. Using then the proportions 
in that Article, we have for the notes (omitting those 
called Minor) the following proportionate number of 
vibrations : — 
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1 I i I J 2 ■ 

E F o a 

These notes are sufficient for common musia (The 
relations of adjacent notes are not very harmonious; 
for instance, the proportion of £ : F is 15 : 16 ; that of 
F : Q is 8 : 9 ; but all are closely related to c, which 



^m'^r'^f^'^^mmiifmrmmftfmmm u i in i ■ m m,». i » ,.; 



'•"^ 



220 



OK 80UKD. 



has acquired the name of *" key-note.*^ But, with a 
veiy small extension of musical desires^ we find that 
other notes are required. Having sounded any note, 
peihaps we desire to associate with it the Third above it 

We must multiply the fraction for the Third, or 7, hy 

the firaction for the note. This, applied to the Thiid 

ji o* Ai. • S S 25 « 5 5 25 . i_ • « 
and Sixth, gives 7 X 7 or r^, and 7 ><o o^ tq» ^ which 

the numbers are too laige (Art 87) ; applied to the Fourth, 

4 5 4 5 

or K it produces 7 x ^, or ^, or the Sixth; applied to the 

5 o IK 

nfth, it produces 2 x 5, or-^, in which the numbers are 

not excessively large, and which falls well between the 

15 
Sixth and the Octave. This proportion — is therefore 

o 

adopted as Seventh, with the letter b. If we desire to 

4 
associate with any note its Fourth, whose factor is ^ ; ap- 

o 

plied to the Fourth or ^ it gives -^ (which we may con- 
sider as a "fiat Seventh ") ; applied to the Fifth or % it 

4 8 2 
produces^ X ^, or r, or the Octave; applied to the 

Sixth, it produces -^ , or (as referred to the Octave) ~- 

(which when we have found a note preferable for adoption 
as Second we may consider as a " fiat Second *^. If wcf 
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desire to associate with any note its Fifth ; the appli- 

9 
cation to the Fifth gives, % or (as referred to the Octave) 

9 

o . This falls well between c and e: and the note which 

• o 

is an octave below it is adopted in the same place in 
the first Octave as Second, with the letter D. The 

Fifth applied to the Sixth gives ^> or (referred to the 

Octave) 2 which is the Third or e. Thus we find that 

oxily two new notes, namely ^ and -^ , are to be inserted 
in our series ; and it now stands thus : 
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1 S f I i f V 2 

C D E F o a b'c 

The reason for the term Octave is now obvious. 
The scale which we have thus obtained is called the 
^* Major Scale," or sometimes the "Diatonic Scale." 
It IB universally recognized as the foundation of Music. 

Sometimes the Minor Third and Minor Sixth, - and 

5 

^, are substituted for the Major Third and Major 
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Sixth, produdng the ''Minor Scale.** These two 
new notes, though well connected together, are not 
well related to the other notes; and they produce a 
partially discordant music, of peculiar character, usually 
melancholy. 



93**. Systems of application of Logarithms to the 
expressian of mnsioal intervals. 

Professor Pole, in an essay attached to Sir F. A. 
Gore Ouseley's TreatiM on Harmony^ has given the 
logarithms of the proportions of vibrations of different 
notes to those of a Those for the simple scale above 
are 

02>B 70 abo 

-00000 -05115 -09691 '12494 -17609 •22185 -27300 -30103 

These numbers possess the convenience of being con- 
nected with the ordinary system of logarithms, but they 
do not offer facility for extension. We are permitted 
by Sir John Herschel to explain a system proposed by 
him which possesses that advantage. It consists in 
^jising such a modulus that the logarithm of 2 is 1000. 
Thus the logarithms of the proportions of the vibrations 
to those of c are 

CD B 7 oa b d e, d^ 
170 322 415 585 737 907 1000 1170 1322, <kc. 

It is seen here that, with the exception of the iiguro 
representing a multiple of 1000, the number correspond- 
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ing to each nominal letter is the same in every octave ; 
and that, in successive octaves, the numbers increase 
successively by 1000. This is probably the most con* 
venient logarithmic scale (assuming the octave-interval 
as the fundamental interval for music) that can be 
devised. 



94. Remarks on the interwds between siu:oessive 
notes; extension of the Scale; apptvpriaUon of num^ 
bers of vibrations and of lengths of waves to the 
different notes. 

If we divide the number for each note by the num- 
ber for the next preceding note, we find the following 
series of proportions : 

From c to D, |«l+i; 
From D to E, 1-^ = 1 +^ ; 
From E to F, |^ = l4.^; 
From Ftoo, g=sl + j; 
From o to a, i<> = i^^. 
From a to b, § = 1+^; 
From b to c, i^ = l+iV- 

Considering the fractions attached to 1 as measuring 
the intervals of the notes, it is seen that there are two 
small equal intervals (£ to F, and b to c) ; and five 
largo intervals, nearly equal Although the lai^e inter- 
vals are not double of the small ones, yet in common 
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Therefore, each of the numbers which we shall now 
exhibit represents the number of vibrations of air made 

in — of a second of time, corresponding to the note 

to which that number is attached 

We shall take this opportunity of adding another 
system of numerical elements corresponding to the 
di£forent notes. In Article 30 we have shewn that 
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f language the laiger intervals are called tones and the 

smaller semtUmes; and the Octave-scale is reputed to * 

. J^consist of twelve semitones. It has even been proposed, 

^ for some keyed bstruments, to make all the semitones 

r . equal ; the logarithm of the proportion for each semi* 

\r tone being ^^ ^ ; which, on Sir John HerscheFs 

scale, would give for the successive notes of the diatonic 
scale 

OBBFoab c d e,dcc. 

167 333 417 583 750 917 1000 1167 1333,^ ^^ 

We imagine that this system would fiadl at every critical 

point of harmony. f] 

In order to remove all denominators of fractions, 
and to give to each of the numbers which are associated 
with the notes a magnitude that represents a physical 
truth, we shall multiply all the numbers of Article 93* 
by 480. The number thus produced for c is 480. The 
received number of vibrations in a second of time for 

the counter-tenor C (see Article 85) is 528 "■ t^ x 480. 
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- _,, - Velocity of wave 

Length of wave ■■ « >^----s . 

^ Irequencyof wave'^ 

where Velocity and Frequency are to be referred to the 
same unit of time ; it is indifferent what the unit may 
be. On examining the numbers in Article 65, it will 
be seen that, at the temperatures at which it is inter- 
esting to examine musical notes, the velocity scarcely 
differs from 1100 English feet in a second of time, or 

1000 English feet in ^r of a second of time. Conse- 
quently, the length of wave for each note, in English 
feet, will be found by dividing 1000 by the number 

of vibrations in ^^ of a second of time. 

The notes distinguished by similar letters in differ- 
ent parts of our range of notes are understood in all 
cases to bear the same relation to the fundamental note • 
(C, C, or c, &C.) of their own part of the range; so 
that, for instance, the proportion of the number of 

vibrations in r-? of a second of time for Q to that for 

C is the same as that for G to that for C, or as that 
for g to that for c. Also the interval from C to C is 
an Octave, and the interval from c to c is an Octave ; 
and so on. Using then three Octaves, we may adopt 
the following table as giving the Names of the Notes, 

the Numbers of Vibrations of Air in ry of a second 

of time, and the Lengths of the Waves of Air in 
English Feet. 

Q 
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• 


6 


■ A 


B 


C 1 


D 


£ 


F 


180 


200 


225 


240 


270 


300 


320 


<-66S 


ff-000 


4-444 


4-166 


3-704 


3-333 


3-120 



a 

360 
2-778 



Ooontkr-Tekob. 



▲ 


B 


C 


D 


E 


P 


400 


450 


480 


540 


600 


640 


2-500 


2-222 


2-083 


1-852 


1-667 


1-662 



G 

720 
1*389 



TfiXBLB. 



a 

800 
1*250 



b 1 


c 


d 


6 


f 


900 


960 


1080 


1200 


1280 


l-lll 


1-042 


0-926 


0-833 


0-781 



e 

1440 
0-694 



In special investigations, where proportions only of 
the numbers of vibriations of air for different notes are 
required, we shall divide the number of vibrations in 
the second line of the Table by any convenient general 
divisors. 



95. On cadence, and on some general principles in 
simple musical composition: with instances of a Hing of 
Eight Bells, and of the Quarter-Chimes of St Mary's 
Church, Cambridge. 

Perhaps we may well begin by considering the 
effect of the ordinary ring of eight bells : the notes of 
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which, as usually employed for the indications of joy 
or triumphs are a complete octave from c to C, (or 
notes at the same proportional intervals), rung in the 
descending order. And upon analysing our sensations, 
they will appear to be of this kind. From the re- 
peated close, time after time, upon the lower C, our 
attention is strongly drawn to that note. In the ring 
of the successive bells, we perceive without effort that» 
bell after bell, every sound has a good relation to 
that lower C (Possibly the less perfect relations of 
B and D to C really sharpen our perception of the 
better relations of the other notes to C.) But the relar 
tion of each note to that which follows it, although per- 
ceptible as haimonious, is not very harmonious. Henoe 
the ear is impressed with a certain degree of present 
harmony, and with the expectation of a much better 
harmony, which will be produced when there occurs 
the stroke of the bell which unites itself in strong con- 
cord with every one of the notes past. And, on hearing 
that bell, the ear is satisfied, and sinks into a state of 
rest *. This is the Cadence. After this, there is a rise 



* li appears to us that thets pheDomena are oorreotlj deeoribed b/ 
the poet Moore (himself no mean musician), in the following lines : 
'*When Memory links the tone that is gone 
• With the blissful tone that is still in the ear. 
And Hope from a bKavtnly note draws on 
To a note more heavenly still that is near.*' 

The Liyht <^ th€ Hartm. 

If the reader will change the last two lines to the following, he 
will completely reproduce the reasoning of the text : 

And Hope from a harmony sweet draws on 
To a harmony still mors sweet that is near.** 

Q2 
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of an entire Octave, which is always exciting; and the 
descent is then repeated with the same effect. 

There is, however, a circumstance which we are un- 
able to explain. It would seem possible that, if we 
rang the bells upwards, from the lowest to the highest, 
inasmuch as each of the notes has good concord with 
the highest^ we should derive from that series a plea- 
surable sensation. This, however, does not take place; 
the effect is unpleasant; and so strongly that (within 
our knowledge) the ring of the bells in ascending series 
is used as the alarm-signal of fire or other danger^. 
The difference of effects appears to depend on some 
unknown physiological cause. 

We shall now proceed with another example, more 
complicated than the last, but much more simple than 
ordinary musical tunes ; the Quarter-Chimes of St Mary's 
Church, CambridgOi These are imiversally acknow- 
ledged to be pleasing; they have been repeatedly copied 
for other public buildings ; among others, for the Clock 
of the Houses of Parliament. Some years since, we 
were favoured by J. L. Hopkins, Esq., Organist of 
Trinity College, with an accurate statement of the tones 
of the various bells and their sequences in the chime. 
We have (for explanation) lowered every note by one 
entire tone, thus preserving the relation of the notes 



* **Tb« oaitl*-Uns with Uckwird oUag, 
8tal forth th' Aluum peal." 

Tki Im^ rf tiU Lad MinHnL 
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nnaltered, and have written them so modified in the 
following scheme. To each note we have attached a 
number, formed by dividing the numbers in Article 94 
by 30: and which therefore represents the number of 

vibrations ^'^ 30 ^ TT ^^ * second of time, or in ^ of i* 
second of time. ^ 

First Quarter, 

E, D, C. G; 
10, 9, 8, 6; 

Second Quarter, 

C, E,D, G; C,D, E,C; 

8,10,9, 6; 8, 9,10,8; 

Third Quarter, 

E,C,D,G; C, D, E, C; E,D,C,G; 
10, 8, 9, 6; 8, 9,10,8; 10, 9, 8, 6; 

Fourth Quarter. 

C, E, D, G; C/D, E, C; E, C, D, G; G, D, E, C; 

8, 10, 9, 6; 8, 9, 10, 8; 10, 8, 9, 6; 6, 9, 10, 8: 

Hour Bell Q^ 

4. 

The chime for the First Quarter presents little for 
remark: it is a simple descending succession, giving 
two imperfect harmonies (10 : 9 and 9 : 8), but ending 
with a Fourth (8 : 6 equal to 4 : 3), a good descend- 
ing harmony: every note harmonizes well with^thei 
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last. For appreciating all the quatrains of the other 
Quartera, it must be borne in mind that the ear 
becomes fatigued bjr continual harmonious relations: 
and it is found necessary, from time to time, to inter- 
pose unharmonic sequences of notes. This is done in 
the middle of every quatrain. Thus, in the middles of 
the two quatrains of Second Quarter there are 10 : 9 
and 9 : 10:' in the middles of the three quatrains of 
Third Quarter there are 8 : 9, 9 : 10, and 9 : 8; and so 
for the four quatrains of Fourth Quarter. Each of these 
strikes the ear as a little hitch or dislocation, which 
makes the strong concord that follows very welcome. 
The first two notes of a quatrain present good concords 
in five instances and inharmonious sequences in four 
instances: but in every quatrain the last two notes pre- 
sent strong concords ; and it is at the end of the qua- 
train that they are most desired by the ear. Finally, 
the sound drops by- an entire Octave upon the Hour 
Bell : and this last sequence is eminently satisfactory. 

Perhaps there could be no better education for a 
young Cambridge musician, than to learn habitually to 
associate the tones of the several bells with the num- 
bers that we have attached to them, and to repeat those 
numbers on hearing the sounds of the bells. 

96. Instances of mtmcoZ mdodies; " Ood save the 
Queen," and ** Adestes Fidelesr 

In the following exhibition of ^Qod save the 
Queen,** as sung by a single voice^ the first line gives 
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the word8» the second line shews (by figures) the pro- 
portional time occupied by each syllable, the third 
gives the letter of the musical note, and the fourth con- 
tains the number of vibrations in the scale at the end 
of Article 95 divided by 10, representing therefore the 

number of vibrations in =rj of a, second of time. 

Ood save our gnH)ious Queen Long Kve our no^le Queen 
2 2231 2 222312 

CCDBC D EEFBDc' 

48 48 64 45 48 64 60 60 64 6054 48 



Ood save the Queen 
2 2 2 2 
D B C 

64 48 45 48 



Send her \'io-to-ri-OQs Hap-py and 
2 22312 222 

OaOGFS FFF 

72 7272726460 64 64 64 



Olo-ri-ous Long to reign over us O-o-d save the Queen. 
312 211113111Ji2 2 2 

FED EFEDCEFOaGFB D C 

6460 54 606460 544860 64 7280726460 64 48 

The whole strain is included within the limits of an 
Octave; the lowest note being B and the highest a. 

The conspicuous repetition of the note c at the be- 
ginning of the melody leaves no doubt on the ear that 
c is the key-note to which all the others are to be re- 
ferred : and accordingly all the other notes are in the 
diatonic scala And the final cadence, dropping upon c 
by a series of notes which bear to C the proportions 
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7, 9» Q» Z» 8' ^ ^^ Batiafisurtoiy, (the feeUeneas of 
rr being however perceptible to the ear), and produoes 

o 

an excellent maaical effect 



Now if we examine the relations of successive notes 
all through the strain, we shall find that the only 
decided harmonic relations are the following. From 
''our'* to the fimt syllable of '^ gracious**, the propor- 
tion is 6 : 5 ; from '' Queen** to ** Send** the proportion 
is 2 : 3» and this rise of a fifth produces an animating 
effect; between "reign** and the first syllable of ''over'* 
there is the proportion 4 : 5. All the other relations 
of adjacent notes are unharmonia On the whole, the 
music is meagre^ if considered only with reference to 
the relations of adjoining notes. But, considered with 
reference to its phrases; the first line of the song may 
be accepted as entirely in the vibrations 48, with small 
variations to prevent monotony; and the second entirely 
in the vibrations 60, with similar variations: and the 
relation of these or 4 : 6 is markedly harmonia The 

3 

third line is mainly in 48, the fourth in 72 or 48 x ^, 

4 
the fifth in 64 or 48 X X. The remainder, with the ex- 

ception of the first note of " God'*, 80 or 48 x ^, is less 

distinctly marked (we believe that the melody is not 
easily learnt with accuracy by uneducated persons) ; but 
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it is in great measure redeemed by its final cadenoa. 
In practice it is usually accompanied with instrumental 
music of rich chords (to be mentioned hereafter}* 

Of the melodies delivered to us by the religion of 
former ages, perhaps that known by its commencing 
words, "Adeste fideles", or by its more usual name^ 
''The Portuguese", is the most magnificent It is very 
easily leamt with accuracy by uneducated persons. We 
will treat it in the same manner as the last. 

Ad-es-te fi-de-les l»-ti tri-um*phan*t6i^ Te-ni-te ve-ni-te 
121122 1111 21121111 

ccQcdGedef edccbabo 
484836485436 6054 60 64 60 54 48 4845 4045 48 

in Beth-le-hem.Na-tam vi-de-te le-gem an-ge-Io-rom, ve-ni-td 
11224 21122 111121111 
dbbaG gfefedecdbGcgb 
5460 4540 36 72 6460 64 60 5460 48 5445 36 484845 

ad-o-re-muB| ve-ni-te ad-o-re-mus, ve-ni-te ad-o-re-muB 
1121 111 1121 11111211 

CDCG BED EFED EFEDCBCF 

48544836 60 6054 60 646054 606460 54 48454864 

Do-mi-num. 

2 2 3 _ 

EDO 

60 54 48 

The figures defining the time occupied by each syl* 
lable have not necessarily the same value as in the 
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analysis of the former melody; but those which are 
related to the vibrations corresponding to. the musical 
notes have the same value in both. 

The lowest note is G; the highest (which occurs 
but once) is G; and the range of the melody is exactly 
an Octave. 

In this melody, as in the other, the frequency of 
in the beginning fixes it in the ear as the key-note. 
All the notes are related to it^ in the diatonic scale. 
The final cadence upon C, though not consisting of so 
jnany steps as in the foriner instance, has the descent 

through o9 Ti Q9 which is sufficient and effective. 

tf 9 O 

There is an excellent imperfect cadence of ^i it -tti 

upon the last syllable of ''Bethlehem/' which is a 

Fourth below the key-note. If we examine the rela-. 

tions of the successive notes of the melody, we find that 

there are in all 58 relations, of which 13 are strongly 

12 3 3 4 
harmonic, being expressed ^J «» o> t» f* •?» <>r their 

reciprocals. It would be wearisome to examine the fit- 
ness of each of these to its place ; but there is one which 
deserves especial attention. From the last syllable of 
''Bethlehem" to the first syllable of "Natum" the in- 
terval is an entire Octave upwards. This animating 
rise, leading to the word which is emphatically and 
characteristically the subject of the poem, has a most 
splendid effect. 
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- The grandeur of this piece of music; and the facility 
with which it is apprehended by mankind in general, 
appear to be fully explained by the consideration of 
the numerical relations of the vibrations corresponding 
to the notes. 

97.- On Enriched Music^ and Singing in Paris. 

The melodies that we have considered, if played 
upon an instrument which does not necessarily at every 
touch or blast produce a combination of several bar^ 
monic notes, would seem too simple. It is necessary to 
ornament them by combinbg, with almost every note 
in the melody, a series of related notes, to be struck 
simultaneously with it They are usually lower notes, 
in harmonic relation. The combined system, of the 
original note and these related notes, constitutes a 
" chord.* 

« 

As instances of chords, we will exhibit (in the same 
form as in the last Article) the first part of "God 
save the Queen," and the second part of ''Adeste 
fideles.** 

God MTt ovr gndouQaMn Lonf Ut« our nobU QaMB God MTt tb* Qn— a 

2211312 2 22312 222 4 

EEFEDC DCBC 

c c D c F G F G F G 

G G A G E ED £ 

|48 48 54 48 45 48 54 60 6064605448 544845 48 

^36 3640 36 40 45 48 48 5448 3236 323632 36 

.30 30 27 36 36 4040 30 . 30 27 30 



c c 


D 


C B 


c 


D 


G G 


▲ 


G 


▲ 


B 


£ E 




D 
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{ 
{ 



Katom Tidete regem sngelonua Venito adorennu 
21122 11 1121111112 1, 

orxFKDB odbQoobodoQ 

cBCDCBc aq aaQQB 

72 64 6064605460 48 5445 36 484845 48544836 
48 45 48 54 48 45 48 4036 3636363645 



{ 
{ 



Yenite adoremns Yenita adoremns Dominum. 
Ill 1121 111 11211223 

SED EFED EFE DCBC FEDC 
CC CBCB CBOQQGG CCB 

606054 60 64 60 54 606460 544845 48 64605448 
4848 48454845 48454836363636 484845 



In the greater part of these chords, the proportions 

of the numbers of vibrations admit of being expressed 

48^ 
by very low numbers; for instance, the proportion 36 is 

30 

8 45 60 5 . 

the same as 6 ; both 36 and 48 are the same as 4 ; and 

5 27 36 3 

so for others. On the first syllable of "Natum" in 
the second piece of music (to which syllable we have 

called attention before) » the chord J^ is the same as 

^ , or two notes at the interval of a Fifths a most power- 
ful harmony. There are several chords containing 



•1 



^■io*^ 



« B^ . * .«••»« 



■ I 1 !■ " 



"-'.' '. ". ].IW 



ENRICHED MUSICAL COHPOSITIOK. 237 

D»54,as?J:, 54, ^% /which cannot be accepted as 

W ^Q ^^ 

harmonious; if, howeyer, D be made » 66 (which, giving 
a relation ^ to the key note c, appears permissibleX the 

proportions become 5 » 7 , ^, and the harmony is good. 

5 

This is an instance of what frequently occurs in musi- 

' cal composition, that the harmonious relation of two 

adjacent or simultaneous notes is more important than 

the harmonious relation of either note to the key-note. 

45 45 gg g. 

The chords 32 or (as corrected) 32 , . ^ , . . , appear to 

27 28 *^ *^ 

be incorrigibly discordant (though ^:» the original form 
of y: , is equivalent to ? , and is harmonic). 

40 O 

Singing in Parts may be imderstood as an exact 
imitation by different human voices of that which is 
done here by different fingers upon an instrument The 
highest voice usually sings the notes as given in Arti- 
cle 96, or as in the upper line of the harmonized music 
just exhibited ; the other voices at the same time sing 
notes represented by those of the second and third lines 
of the harmonized music. The skill of a composer of 
Music in Paits is shewn by his assigning, to those 
other voices, notes which will produce good harmony 
with each note of the Jbighest voice, and which at the 
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same time will produce for each person, considered alone, 
a spedes of tune that can be followed correctly with 



98. On the necessity for the supplementary notes 
eaUed ''flats'' and" Jiarpsr . 

We have exhibited to the reader two pieces of music 
in which every sound is expressed by a note of the 
diatonic scala And the reason of our having been abl0 
sufficiently to express all by that scale is, that we have 
taken c for the key-note of our melodies; and that, in 
these special instances, that pitch has appeared so well 
suited to the subject that there has been no temptation 
.to adopt any other key. 

But it will easily be imagined that we cannot bind 
ourselves to this condition. We may desire to make 
our tune somewhat higher or somewhat lower, but we 
cannot venture to raise it an entire octave so as to have 
c for key-note, or to depress it by an entire octave so as 
to have C for key-note. And we may now consider 
how the power of using any other note as key-uote can 
be obtained. 

Proceeding upwards from C we have in the diatonic 
scale, two tones, then one semitone, then three tones, 
then one semitone. We desire to have a similar succes- 
sion of intervals for any other key« Suppose, for in- 
stance, we adopt D as key-note. 



FLATS AND SHARPS. 

2>iaioD{o Scale pro- }«*.«-,^. v^j ^ ^ 
owding from I OBEFOabodaf 

Scale with ■imtUr in- ) 
tenraU proco^diog [ 12 3 i 5 6 7 V T 

fromD ) 

Here, the notes 1, 2, 4i, 5, 6 on our new scale may be 
represented by D, £, Q, sl, h, on the old scale. The in- 
terval from 1 to 2 will not be precisely the same as that 
from c to D, and so in other parts of the scale ; but 
they will be sufficiently near to them to pass (in ordi- 
nary estimation) for similar intervals^ perhaps slightly 
altering the character of the music. But the notes 3^ 7» 
on our new scale, have* no representative on the old 
scale ; and, for representing them, it is necessary to in- 
troduce a note nearly midway between F and O, and a 
note nearly midway between c and d (and similarly a 
note between c and d). The note between F and o is 
called indifferently F sharp, F^ or Q flat^ Qb; and that 
between c and D is called c$ or Db. 

Now when we adopt other notes as key-notes, we 
find that we must intefpose iiqtea between various notes 
of the original diatonic scale ; and ultimately we find 
that in every interval of a complete tone it is necessary 
to insert a new note. The whole scale, for one octave, 
then becomes this : 

C D £F G a be. 
Db £b Qb ab bb 

This is sometimes called the chromatic scale. 

The new notes are those corresponding to the black 
keys of a pianoforte. 
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In 8ome iheoreiical work8» it has been proposed to 
consider d| and Kb, and other pairs similarly relatedi 
as slightly different notes; as will be seen below. 

When B, or c^ or Fb» is adopted as key-note, every 
one of the five new notes is used. With key-note C^ 
very good music may be performed on the black keys 
only ; but it will be found that it wants the Third in- 
terval (four semitones) and the Seventh interval (eleven 
semitones). With key-note i| also, the black keys 
are sufficient ; but the Fourth interval (five semitones) 
and the Seventh interval (eleven semitones) are want- 
ing; this is frequently considered as a characteristic 
of Scotch music, which, consequenilyy can be played 
on the black keys only, if the key-note is if. • 

If we examine theoretically the tuning which can * 
be advantageously adopted for the fiats and sharps, we 
are led to considerations like the following : 

Proceeding from C » 240 ; 
we may take for C^ or Db 

256-240 X Jl -240 X I X * or 240 X J + 7 

Id 3 o 3 4 

(a Third below the Fourth). 
D-270. 

Then for DJr or £|^ we may use either 280 - 240 x ^ 
(which will associate well with Fjl) ; or 
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6 / 7 8 

288 >■ 240 X -z f which will associate with 7 » e t 

E«300. 
F = 320- 

IT 

For F| or Qb we may adopt 336a 240 x|. It will 
be seen however in Article 100 that^ for reference 

to Other keys, -^ is preferable. 

O - 360. 

For G^ or Ab there are the competing claims of 

5 5 
375 a 240 X 7 X 7 , a Third interval above the 

Third ; and 384 s 240 x -= [associating with - 



and 



D- 



A«400. 
For a| or Bb, the competiog values are 

420 = 240 X 7 (which associates with ^ and ^1 ; 

and 432^240 x ? [associating with •=, -, -j • 

B = 450. 

C«480. 

We apprehend that, for music of the highest order, 
it may be necessary for d| or £b, for Q^ or Ab, for xjt 
or Bb, sometimes to use one of the values which we 
have indicated, sometimes the other; or, in fact^ to con- 
sider dI and £b, o| and Ab, A$ and Bb, as different 
notes. 
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Section IX. 

ON INSTRUMENTAL MUSIC, AND THE ADAPTATIONS 
OF MUSIC REQUIRED QY SPECIAL INSTRUMENTS. 

99. On the chatxu^teristic differences of construe" 
tion, between the Organ, the Pianoforte, and the Violin. 

Among the great variety of musical instruments, 
we have selected three, as embodying the most import- 
ant differences of construction. We shall describe them 
briefly, but sufficiently perhaps to convey an idea 
of the bearing of these differences upon their musical 
powers. 

The organ is to be conceived as essentially an in- 
strument of three dimensions. I^or perspicuity of lan- 
guage, we" will consider the horizontal line along the 
front as x, the horizontal line normal to the front as y, 
and the vertical line as z. Then the parallelepiped 
may be understood as being filled with vertical pipes 
all parallel to z. The front row, parallel to x, for which 
// nearly = 0, are pipes with plain mouth-pieces, corre- 
sponding to the notes and intei'polated notes in Arti- 
cle 98. The next row parallel to x, for which y has a 
uniform value, consists of pipes having a uniform definite 
relation to the front row, either in tone or in construc- 
tion ; for instance, the note of every pipe may be 
higher than that of the corresponding front pipe by a 
Fifth; or every pipe may have a reed mouth-piece 
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instead of a plain mouth-piece. The third xx>w, with 
another value of y, consists of pipes with some other 
variation, but still such that the note of every one of 
these pipes bears the same relation to the note of the 
corresponding pipe in the front row. And so on for 
many rows. And thus, if we consider any row of pipes 
in the direction Xt all are of similar construction and 
give notes related as in the chromatic scale; but if 
we consider any row in the direction of y, these are 
pipes giving different harmonical notes and differently 
constructed, the same description applying to every row 
parallel to y, except that each is dependent on the 
note of its front pipe. 

All the pipes in any one row in the direction of x 
can be stopped at once by the slider called a '' stop." 
AH the pipes in any one row in the direction of y are 
closed unless opened by a key (like that of a piano- 
forte). To open any individual pipe and allow the air 
from the wind-cbest to act'in it, the proper stop must 
be open, and the finger of the musician must press the 
key ; the stop and the key being those which corre- 
spond to the y and x whose intersection is at the pipe 
in question. 

From this it will be seen that the instrument posses- 
ses in itself the power of giving chords, and even of 
giving harmonic chords produced by mouth-pieces of 
different kinds uttering sounds of different qualities, 
which, however, by the mechanism of the "stops," are 
at the command of the musician. But he has no power 

r2 
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of altering the pitch of the note which he plays ; he 
must accept that as it was left when the organ was 
tuned. 

The pianoforte is known as a stringed instrument ; 
but few persons at first view imagine what a number of 
strings it contains. A good piano has about 75 keys, 
and each of these works a hammer that strikes three 
strings (tuned to the same note) simultaneously; so 
that there are more than 200 strings to be adjusted in 
pitcL The tuner begins by screwing up one triplet of 
strings till they give the same note as a tuning-fork 
which sounds the note C (528 vibrations per second), or 
sometimes A ; from this he, by ear, adjusts the triplets 
for the other notes of that scale, included within the 
compass of an Octave ; and from each of these notes he 
steps upwards and downwards, by ear, through entire 
Octave-intervals, to form all the intermediate notes of 
the higher and lower octave-8cale& In playing on the 
piano, the striking of one key does not, as in the organ, 
produce any number of harmonic sounds (except on the 
principle of Article 76) ; to produce these, it is neces- 
saiy for the musician to strike simultaneously different 
keys with different fingers. In the impossibility of 
having the pitch altered by the player during the per- 
formance, the piano resembles the organ. If there are 
any faults or peculiarities in the tuning, the player has 
no control over them. 

Most of the remarks on the piano apply also to the 
harp. 
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The violin Ia an instrument of a totally different 
class. It has only four strings, which are stretched 
over a curved bridge; and under no circumstance can 
the bow touch more than two of these, and generally it 
touches only one; so that the instrument possesses little 
power of producing harmonic notes, except for the rea- 
sons given in Article 76. But the instrument is so held - 
in the left hand that^ by application of the four fingers, 
either of the strings can be defined in length (by press- 
ing the string upon a part of the fixed bar which is 
nearly parallel to the strings), and thus the tone of the 
string can be varied at the moment, through a range 
sufficient to exhibit any note between the fundamental 
note of one string and the fundamental note of the next 
string, and with an accuracy depending on the precision 
of the player^s perceptions and the delicacy of his 
finger-action« We imagine that a skilful player per- 
ceives the tone given by the string long before it is 
heard by the bystander, and instantly adjusts his pres- 
sure to make the intended concord perfect. With this 
presumed power, the violin is far more accurate for the 
production of exact melody than the organ or the piano- 
forte or harp. 

The fundamental notes to which the different strings 
are adjusted are the following (adopting, as represent- 
ing the number of vibrations in ^r of a second of time, 
the numbers in Article 94) : 
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For the four strings of the J E A D G 
violin t6<^ 400 270 180 . 

For the four strings of the (A D G C 
Tiok 1400 270 180 120 

For the four strings of the J A D G C 
violoncello (200 135 90 60 

It will be seen here that two of the intervals on each 
instrument are Fifths [proportion of vibrations ^j ; and 

^v * .k ♦! • ♦ , . 270 270 81 

that the other interval is -jiwi * or .7^^ x ^tt , or 

irUU 4U0 oU 

^ X ( 1 + 0J5)* diflfering from a perfect Fifth only by 

the interval numerically expressed by ^ . This small 

interval is called a ^ Comma"; it is the smallest which 
is recognized in ordinary music; it is hold to be per- 
ceptible in all cases to the ear, and very offensive when 
it deranges the numerical accuracy of a chord. In 
practice, the intervals of the violin strings are in the 
first instance made perfect Fifths (A being taken from 
the tuning-fork or piano) ; and the notes of the other 
strings will therefore depart a little from those of the 
diatonic scale. This vrill lead us to the considerations 
of the next Article. 
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100. On the necessity for Temperament^ in rtfeir- 
ence to diords and harmonies within tlie compass of an 
Octave. 

Of all parts of theoretical music, the theory of Tem- 
perament is the most troublesome. We cannot pretend 
here to go into it to the extent which would bo useful 
to the professional musician. All that we can do is, so 
to explain the state of the matter that the student may 
be able to understand the nature of the evils of which 
musicians complain; and that, if he should desire to 
examine further the plans suggested by professional 
musicians, he may find himself prepared with the nume- 
rical bases on which all must depend. 

The difficulties in question attach only to keyed or 
other instruments whose tones cannot be altered by the 
musician in the act of playing. They apply therefore 
to the two most important of all, the organ and the 
pianoforte; and they are perhaps more important for the 
organ; because, as the key is there held down so as to 
give an enduring sound, any fault in the harmonies 
is more obvious to the ear than with the pianoforte, 
where the sound is produced by an impact on the 
strings, and is damped as soon as possible. 

We sliall examine, first, the evils produced in the- 
chords, by the use of different notes as key-notes; 
which evils we shall consider to be represented by the 
departure of the proportions of vibrations in the Ist, 
2nd, &c» notes on that scale from the proportioni 
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of vibrations in the Ist, 2nd, &a notes in the accurate 
diatonic scale; secondly, the difficulties in the prolonga- 
tion of long series of harmonies, and in the combina- 
tion of instruments like the piano with instruments like 
the violin* 

For understanding more easily the following inves- 
tigation, we woidd recommend the student to provide 
himself with a scale on paper including two octaves of 
the keys of a piano as shewn in Article 98; thus 

At dfDjf FKQ|4(|i44Gt 

A BO D £F Oabcdefg a 

Bb Db £b Gb Ab sb pb £b. ob ab 

and also a corresponding moveable scale of card-board 
with notes 1, 2, &c to 8, at intervals representing tones 
and semitones in the diatonic scale beginning with C; ' 
thus 

1 2 34 5 6 78 

then, for ascertaining the notes which will be used in 
conjunction with any assigned key-note, it is only ne- 
cessary to apply the card-board scale to the paper scale 
so that figure 1 is opposite to the key-note, and the 
other notes to be used will then be those opposite to 
the figures 2, 3, 4, &c. 

Upon examining a great quantity of piano-music, 
we find that the note £b is used for key-note tvdce as 
often as any other; and that those next to it in general 
favour are F, jl\ c, q, d, d^. We will examine succes- 
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£Tdj tbe acilet of notes for tfaeie seren kej-notes. 
As tlie icade for 19 will require three flats, we shall 
selec; from the Tslaes saggested in Article 98 the three 
nluet which evidently give the best harmonies in this 
scale, and shall retain those Tslaes in the succeeding 
scakk»; and, as need may arise for values for new flats 
and sharps in the succeeding scales, we shall adopt and 
rKain ittem in the same manner. Below each note, we 
shall puce its number of vibrations in -{f of a second 
of time, and ihe proportion which it bears to the key- 
note of the scale, and (where necessary) the factor 
<vtf'_yA'«dT>^ this proportion with the proportion which 
os;ght to exist on the diatonic scale. 

1 2 S4 5 6 78 

Kev-note £>. We have 

E>F Gjl>b^ c DEb 

;!;fO SoO 480 540 

4::^ we Ka^" to a^gn vibrations to Ei, A^, ^, finom the 
txK^' iri Aniole 9n It will be easily seen that 288 for 
» >i;:: hinuoniie peneotly with G, C, D, and very well 



%;;h >\ Adopting it. it will then be seen that 384 for 

A> a;^ i&i tVvr B> baimonixe perfectly with it Thus 

WC i^T^ 

K> F G A? B> C D Eb 

tSS SiV St» SS4 432 480 540 576 

10 5 4 3 5 15 

^ * i 3 2 3 8 
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Key-note F. We have 

F Oab^ c d kf 

320 360 400 432 480 540 600 640 

We have no need to supply any new number. The 
proportions are 

1 ? £?? ? ?L 11 9 

8 4 20 2 16 8 

/ 4 8l\ / ^ f]\ 
V^'i^soy \''3^80/ 

Proceeding in the same manner, we find that we 
have to supply a value of D^ for key-note Ab, a value 
of fijf for key-note Q, a value of €$ or D^ for key-note D, 
and a value of Gb or F^ for key-note DK Thus we 
obtain 

Eey*note xb. 

D^ fib 

512 576 

4 3 

3 2 

Key-note C, 

It is unnecessary to examine this scale, as it is the 
diatonic scale with which the others are compared. 

Key-note G. 



Ab 


Bb 


■ c 


S84 


432 


480 




9 
8 




4 
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O 


ab 


640 


720 


768 




3 


15 
8' 
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B 


c . 
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Fir 
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400 


450 


480 


540 


600 


675 


720 
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15 
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Eey-note D. 






D E 
270 300 


337i 


G A 

360 400 


B 

450 


512 540 


10 
9 


5 

i 


4 40 
3 27 


o 
3 


256 . 
135 


/ 9 80\ 




/ 3 80\ 


(- 


Iff 2048\ 
8 "soW 


I 




Key-note DK 


(-? 


xgneoriy) 


m Ei> 


F 


G\> a!> 


Bb 


pb 


256 283 


320 


336 384 


432 


480 512 


9 
8 


5 

i 


21 3 
16 2 


27 
16 


¥ ^ 
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In two of these scales, the diatonic character is 
perfect; and in two, a single note only is in error. 

The principal difficulty is with the Fifths. Pro- 
ceeding upwards from the key-note to the note 5, the 
Fifths require correction in only one scale (key-noto^D); 
but proceeding upwards from note 5 to note 9, whose 
vibrations will be double those of note 2, we find that 
with key-notes £b and G the proportion is too small, 

and with key-note D it has the just magnitude, [^ j, only 

(3 80\ 
9. ^ kt) ^ ^^^ 

small With key-note F, the proportion of note 4 to 1 
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is too large, but the proportion of note 6 to 1 is equally 

too larger so that the proportion of note 6 to 4, [ 7 ] » ^ 

just^ and their harmony perfect Note 7 fails in one 
instance, and cannot be reconciled with either of those 
which ought to be its bases, notes 3 and 5. ^ 

Innumerable attempts have been made to alter some 
of these notes, so as to produce the most perfect har- 
mony where it is most wanted; and this alteration is 
called TemperamenL But it is easily understood that^ 
where the errors for different scales, as affected by indi- 
vidual notes, are taken into one view, the Temperament 
which improves one scale will injure others. Thus if 
F be altered to correct the scale with key-note Eb, it 
will ruin that with key-note F, and will injure others. 
An attempt is usually made to throw as much as pos- 
sible of the discord on one particular scale; and some 
assemblage of notes in that scale which ought to form 
a chord (as in Article 97} and which really produces a 
discordant sound, very unpleasant to the ear, is called 
the wolf. 

It appears to us that a scale such as we have pro- 
posed will answer well for the most valuable keys; 
especially if the compositor, in writing the music, would 
sometimes avoid those discordances of successive notes 
in the music, which would (though rarely) be produced 
by incautious use of the notes. Probably a similar 
principle of selection might be adopted for organ-music; - 
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taking first that key in which the greatest quantity of 
music or the most important music is written, and 
supplying the' best values of flats and sharps for it^ as 
we have done in piano-music for Eb; and then proceed<-> 
ing with the key of next importance, &c. 



101. On the necessity for Temperament, in reference 
to long series of harmonics, and to the combination of 
different instruments. 

The concord of notes which is most powerfully felt 
by the ear, as we have stated in Article 87, is that of 
two notes at the interval of an Octave. But this in- 
terval is so large that it is rarely repeated in musical 
compositions. The next degree of concord is that of 
two notes at the interval of a Fifth (proportion 2 : 3), 
and their interval is so much smaller that several repe- 
titions (one such interval rising above another, or one 
falling below another) may^be occasionally introduced. 

Now if we begin (as the most advantageous place) 
from one of the notes marked F, as f^ » 160, we have 
the following succession of perfect Fifths (the proper- 
tion of vibrations being always 2:3): 

From 160 to 240, F to C; 
From 240 to 360, C to G ; 
From 360 to 540, G to D; 
From 540 to 810, D to a note beyond a, 

(vibrations =■ nj; of those of a J . 
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Tbu8 we find that, even beginning at the most advan- 
tageous place, we cannot have more than three consecu- 
tive perfect fifths; and, generally speaking, we cannot 
have so many. If we could put up with an error 

81 
represented by the factor ^ (either in the last interval, 

or distributed through the three intervals) we might 
proceed further. It will be seen that we must either 

3 

diminish the Fifth-interval a little below ^ (''flatten the 

Fifths") or increase the Octave-interval above 2 
("sharpen the Octave"); no compositor for the piano 
dares to recommend the latter course. We are inclined 
to think that it is best also to leave the Fifths un- 
altered. 

In the use of the violin, however, the temptation 
to retain the perfect Fifths is very strong. In the 
process of tuning, every interval of the fundamental 
notes of the strings is made a perfect Fifth; and, if 
the violin only were used, it can scarcely be doubted 
that they would be retained in that state. But the 
number of pianos in society is so great that it is neces- 
sary to make the violins yield to them ; and the violins 
accordingly are subject to the Temperament of having 
their Fifths a little flattened. Their different strings 
can then be made to harmonize pretty well with the 
notes in different Octaves of the piano. 



/ 
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Section X, 

ON THE HUMAN ORGANS OF SPEECH AND HEARING. 

102. On the human organs for prodncing musical 
notes, 

A tolerably clear idea was formed by anatomists, 
many years ago, of the nature and action of the oi^ni- 
zation in the human throat by which musical notes are 
produced. Several points of explanation, however, were 
wanting; these were supplied, perhaps finally, by Pro- 
fessor Willis, in a paper "On the Mechanism of the 
Larynx," published in the fourth volume of the Trans- 
actions of the Cambridge Philosophical Society, which 
may be regarded as a model of scientific and anatomical 
inquiry. 

The top of the windpipe is closed by an apparatus 
which leaves for the passage of air only a long nan'ow 
slit in the back-and-front direction, called the "glottis." 
The sides of this slit are not solid masses of animal 
matter, but elastic bands or ligaments, which, though 
not very deep in the vertical direction, can vibrate in 
the right-and-left direction. Their extremities are 
governed in position and tension by various muscles, 
which have been most accurately described. The state 
of these elastic bands, frequently called the "vocal 
ligaments," under various circumstances, is as fol- 
lows: — 
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In the ordinary state of ease, the vocal ligaments are 
not stretched longitudinally idth any special force, and 
the ends of the right ligament and those of the left 
ligament are not pressed together. There are, in fact, 
special muscles for separating them, which in the state 
of personal ease appear to be in action, effecting that 
separation. The opening is then sufficiently wide to 
allow the breath to pass very freely; and the ligaments, 
in their unstretched state^ will not vibrata 

For producing sound, other muscles are brought into 
play, namely, Ist, muscles which press together (but 
probably not close t(^ether) the ends of the two liga- 
ments: 2nd, muscles which extend each ligament to any 
arbitrary degree of tension. 

In this state, when fiir is forced from the lungs 
through the glottis, necessarily passing with great 
rapidity (as the chink is now very narrow), it puts the 
ligaments into vibration, sufficiently rapid to produce a 
musical note. The pitch of the precise note produced 
will depend on the tension given to the ligaments. So 
that, for utterance of a musical sound, two i^stems of 
muscular action are required. One, consequent on the 
volition ** to utter a musical sound," is that of drawing 
close together the right ligament and the left ligament; 
the other, consequent on the volition ''to utter a musical 
sound of a particular pitch," is that of stretching the 
ligaments to a definite tension. 

This action may be imitated experimentally in 
various ways, of which we quote, as probably the easiest 
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and best, that given in Professor Tyndall's excellent 
book on "Sound, a Course of Eight JLecturea, Jkc^ 
" Roll round the end of a glass tube a strip of thin 
india-rubber,, leaving about an inch of the substance 
projecting beyond the end of the tube. Taking two 
opposite portions of the projecting india-rubber in the 
fingers, and stretching it, a slit is formed; the blowing 
through which [by means of blowing through the tube] 
produces a musical sound, which varies in pitch, as the 
sides of the slit vary in tension." 

The vibrations of the vocal ligaments produce vibra- 
tions of the air in the resonant cavity of the mouth, iu 
the same manner in which the vibrations of a reed pro- 
duce vibrations in a resonant oigan-pipe (Article 81). 

The compass of a singer^s voice, or the interval 
(upon the musical scales) l)etween the lowest note and 
the highest note which a singer can distinctly sing, in 
general does not much exceed two octaves. 

The phsenomena of whistling, we believe, have not 
been carefully examined. They appear, however, to ' 
correspond nearly to those of the production of musical 
sounds in the throat The lips are brought, by their 
appropriate muscles, into a state of tension analogous to 
that of the vocal ligaments; and the passage of a cur- 
rent of air between them compels their surfaces to 
vibrate and to produce vibrations in the air. The 
resonant cavity is the hollow of the mouth ; and the 
mechanical conditions for whistling differ from those for 
speaking, in this respect, that the current of air for 

8 
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whistling passes /rom the resonant cavity to the vibrate 
ing lips. Whistlers remark that, for producing their 
lowest notes, the tongue is very far retracted; the lower 
lip also appears to be somewhat retracted. The range 
of notes in wliistling is greater than that in singing; it 
extends neariy to three octaves. 

103. Experiments and theory on the production and 
maintenance ofvilnxitione eimUar to those of the human 
organs of sound. 

Professor Willis has pointed out very clearly the 
mechanical reasons which shew that there must be, in 
the .stretched ligaments of the glottis, a tendenqr to 
produce the requisite vibrations. Thus, if we have two 
small frames on which lamins of sheet india-rubber are 
stretched, leaving their upper edges free, as in Figure 
19, and if we place these frames nearly vertical, upon a 
pedestal through which air can be blown upwards from 
below, passing between the two laminse; then if, as in 
Figure 20, the upper edges are brought near together, 
the blast of air will force them outwards; if, as in Figiire 
21, they are opened wider, the blast of air will suck 
them inwards; if they are opened to the state in which 
neither of these tendencies is discoverable, then with 
every displacement outwards there will be a proportion- 
ate force tending to bring each towards the middle of 
the chink, and with e^&ey displacement inwards there 
will be a proportionate force tending to push each from 
the middle of the chink. So that each lamina, con- 
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sidered alone, is, upon receiving any displacement from 
a certain position of rest, subjected to a force tending 
to bring it to that position of rest This is the law of 
force proper for maintaining vibration (it is similar to 
the law of force which acts on a pendulum). There is 
still one point which requires explanation. If a body, 
or a lamina, is put in a state of vibration, frictions of 
all kinds will tend to reduce its vibrations; and it is 
necessary for us to sliew that, under the actual circum- 
stances, there is some force which tends to increase 
vibrations. Now Professor Willis suggested as probable 
that the magnitude of the force of air which acts on the 
lamina may be a function of the position of the lamina 
at a short time anterior to the time under considera- 
tion ; and the author of this Treatise, in the Cambridje 
Transactions, Vol. iv., pointed out the mathematical 
consequences of that supposition. If the distance of a 
lamina from its place of rest be if> (Q, and if e be the 
coefficient of the force dependent on laminar tension, k 
the coefficient of the forpe dependent on the action of 
the air, c the quantity to be subti-acted from the time 
in order to form that time on which the force produced 
by the air-motion depends; then the equation of motion 
is. 



cW 



-e.0(O — i.0(< — c). 



Supposing £ to be small, an approximate solution, 
obtained by neglecting the last term, is, 

(0 = a . sin {tje + b); 

S2 
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very approximately. 

This is precisely the case of a pendulum disturbed 
by some extraneous force; and it admits of being 
treated in the manner indicated by the author of this 
Treatise in a paper ''On the disturbances of Pendulums, 
&&" in the Cambridge Transactions^ Vol. IIL The 
result is that^ in every complete vibration, the ooe£Scient 

« ., .. • • J, • wakiWicJs 
of vibration is mcreased by ^- . 



104. Experiments on the production of vowel sounds. 

Long ago, it had been shewn that if air were forced, 
through vibrating laminae or through a common reed, 
into a cavity of a particular form, the sound of a parti- 
cular vowel would be produced; but the forms of the 
cavities were very strange; and there was no theory, 
accounting for the effects in any case, or connecting the 
different cases. The great step of experimental expla- 
nation was made by Professor Willis in the Cambridge 
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Transactions^ Vol IIL;* and nothing of importanoe has 
been added, till within a short time. 

For instructive experiment, the strange forms of 
cavities were discarded, and a simple pipe was substi- 
tuted; thus admitting of variation in its length. Air 
was blown through a long channel terminating in a reed 
that gave a note whose pitch was ascertained (and 
whose length of air- wave was therefore known); and 
the immediate carrier of this reed being fitted accu- 
rately but not tightly within the tube whose length 
was to be made variable, that tube was slid along so as 
to contain the reed-carrier as a plug in the tube, leaving 
open varying lengths of the tube between the reed- 
carrier and the external air. And the points remarked 
by Professor Willis are these: 

. First, that in order to perceive clearly a vowel- 
sound, it is necessary to sound different vowels in suc- 
cession ; the principal effect being produced by contrast, 
and no distinct vowel-sound being impressed on the ear 
when the apparatus is maintained steadily in the ar- 
lungement proper for producing any one voweL 

Second. The fundamental result of the experiments 
is this. In Figure 22, let a denote the place where the 
waves of air enter immediately from the reed (the reed 
being supposed to be at the left hand, and the current 
of air being blown through from left to right), and 

* The author of thii TroatiM had th« pleiran of Aeanii^ Um 
originiil experiments. 
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suppose the tube of variable length to extend towards 
the right, its mouth sometimes stopping at I, sometimes 
being advanced to £, A, O, &c. Also let ac^bd^ce 
s length of sound-wave produced by the reed. Then, 
when the mouth of the pipe is at the point I, it utters 
the vowel-sound I (in Continental pronunciation), the 
same vowel-sound as in the word "see"; when the 
mouth of the pipe is at E, the vowel-sound is that of E, 
sliding between the vowel-sounds in "pet** and "pay"; 
when the mouth of the pipe is at A, O, U, the sounds 
are respectively those in ''paa, part**, followed by 
"paw, nought"; in "no" j and in "but*, followed by 
^boot". As the mouth of the pipe is carried towards h 
(the point bisecting ac), sound becomes indistinct, and 
vowel-sound is lost; or the only sound perceptible is 
that of our short U; on approaching c, the same vowels 
recur, but in the opposite order. On proceeding further 
still, the same phsenomena recur after an addition to 
the pipe-length of "length of air-wave", "double 
length of air-wave ", &c., but all sounds become less 
forcible. 

Now upon varying the pitch of the reed (that is, 
upon varying the length of the sound-wave, or the 
length of the spaces db, be, cd, de), the lengths ai, aE, 
aA, ao, au, ci, CE, &c., remain unaltered. And, when a 
reed of high pitch is used, or when the spaces ab, bc^ 
&C., are made very short, some of the vowels U, o, &c., 
are lost. This accords with the experience of singers 
of high pitch, who can sing no vowel but I (''see"). 
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The distances of the vowel-positions from c, or from 
e, are the following (the measure from a being a little 
smaller than the others) : 







inch 


CI" 


«ei- 


> 0-38 


CE" 


B^ES 


(0-G 
'ilO 


CA« 


»eAa 


(1-8 
i3-2 


ca'« 


=eA'= 


305 
'3-8 



coaeo» 47 

cv or 6U iudefipite. 



We recommend the reader to follow up this subject 
by a study of Professor Willis's original paper, and 
especially to remark his explanation, or rather his dis- 
crimination between the mechanical circumstances of the 
air in pipes of different lengths. It amounts to this; 
that from the air of invariable pressure at the pipe s 
mouth there is a species of reflexion of the sound-waves 
inwards (which is algebraically represented by the ter- 
minal equations for an open pipe, 

-f (aO + V^'(aO = 0, -0'(ai-O + V^'(at + O«O, 

in Article 79, implying opposite waves), and that thus 
every reed-wave travelling along the pipe is reflected 
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from the open mouth at a time depending on the length 
of the pipe; the relation of which time to the time of 
the next reed-wave will be different for different lengths 
of the pipe, thus producing a mixed wave whose qua- 
lity varies with the changes of that relation. (This 
amounts to nearly the same as saying that each puff 
of air through the reed may create a wave which will 
travel with organ-pipe-velocity, coexisting with one 
which follows the laws of Resonance; a coexistence 
which, as we have remarked in Article 81, is pos- 
sible.) And the following experiment pointedly il- 
lustrates this. If a quill be snapped by the teeth of a 
wheel in rapid vibration, a musical note is produced; 
but if, instead of a quill, a highly elastic spring is 
used, itself competent to give a musical tone, then . a 
vowel-sound is produced, and the name of the vowel 
depends on the relation between these two musical 
notes (which relation may be altered by grasping the 
elastic spring at different points). 

The only addition, we believe, which has been made 
to this admirable series of experiments, is the further 
analysis, by Helmholz, of the character of the waves in 
the different vowel-sounds. It appears to have been 
made by directing the current of air from the lips upon 
a series of tuning-forks, and remarking which of the 
tuning-forks were put in vibration. Helmholz thus 
arrived at the conclusion that the vowel-sounds are pro- 
duced by certain mixtures of the upper harmonics with 
the fundamental tone. It has been shewn in Article 72 
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that every variation of the quality of musical notes 
may be produced thus. But the distinct conclusion at 
which Professor Willis arrived, that, with di£ferent reed* 
notes, the difference in the linear measure of pipes re- 
quired to produce different vowel-sounds must always bo 
the same, seems to forbid the admission of similar mix- 
tures of the upper harmonics with the fundamental 
tone as in all cases explaining the vowol-sounds. 

The reader is referred to Willis in the Cambridge 
Transactions, Vol. iii.; Wheatstone in the London and 
Westminster Review, October 1837 — January 1838, page 
27; Helmholz, Die Lehre von den Tonempfindungen, 
Part I. section 5, article 7; Tyndall, Lectures, page 200. 



lOo. Explanation of tlie formation of vowels and 
consonants by Hie human organs of speech. 

We are now in possession of all that is necessary to 
explain the vowels of the human voice. The musical 
note, which in experiments is produced by the reed, in 
nature is produced by the vocal ligaments of the glottis. 
For the varied length of pipe in Professor Willis's ex- 
periments, or for the conical or other receptacles of the 
wave opened to different degrees in the experiments of 
preceding and following experimenters, we have the 
cavity of the mouth and nostrils and communicating 
spaces, admitting of great changes at the will of the 
speaker. This appears to be all that is required. 
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On the production of consonants, we have little to 
remark. They depend on the mode of banning or 
closing the utterance of the vowel-sounds. Sometimes 
this is done at the glottis, sometimes (in beginning the 
utterance) by lowering the tongue from the palate, 
sometimes by opening the lips, sometimes by opening 
. the teeth. In some cases a vowel-sound must be formed 
before opening the lips; thus a momentary dull vowel- 
sound within the mouth, before opening the lips, appears 
necessary to give the sound bee; if there be no such 
antecedent dull vowel-sound, the sound emitted will be 
pee. (This appears to justify the Greek mediaeval and 
modem writers, who to express the sound 6 in the lan- 
guages of Western Europe use the combination /*ir.) 
In closing the utterance of the vowel-sounds, there is 
nearly the same variety. All these diflferent modifica- 
tions give rise to different consonants; but they do not 
appear to involve any distinct principle which requires 
attention here. The roaring sound (that of r), the hiss- 
ing sound (that of e), and the guttural sound, which 
however seems to be produced rather in the palate than 
in the throat (that of ach or oc&), with such dependen- 
cies as eh^th, appear to be abandonments of musical 
utterance, and probably do not require any action of 
the vocal ligaments; their peculiarities are given by 
the tongue, teeth, cheeks, and Ups. 
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IOC. N(Ae» on the organs of hearing; dea/keee. 

Of the mechanism of hearing we know almost 
nothing. It is easily ascertained that the opening from 
the external air expands somewhat into a .chamber 
where the wider part is closed by a stretched membrane 
called the membrana tt/mpani, which in the healthy 
state is continuous, but which is sometimes punctured 
or slightly ruptured without producing great injury to 
the power of hearing. Beyond this is a cavern which 
communicates with the interior of the mouth by a pas- 
sage called the Eustachian tube. The author of this 
Treatise, in descending to a great depth imder water in 
a diving-bell, has suffered the pain (so often described) 
produced by the increase of atmospheric pressure on the 
exterior surface of the membrana tympani, which can 
be relieved at any depth by that motion of the swallow- 
ing muscles which enables a person to swallow the 
saliva; a motion that appears to open the Eustachian 
tube and to allow air to enter through it to the interior 
surface of the membrana tympani. But he also re- 
marked that, in rcascending, as the pressure of air within 
the mouth diminishes, the condensed air, next the in- 
terior surface of the membrana tympani, opens the Eus- 
tachian tube from time to time, and escapes into the 
mouth, giving the sensation of a loud crack. 

The habitual state of the Eustachian tube being that 
of complete closure, the internal cavity resembles that 
of a kettle-drum; and there seems to be no doubt that 
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vibration of the membmna tympani corresponding to 
the vibration of the air in the sounds which present 
themselves is — ^like the vibration of the parchment of 
the kettle-drum — the first element in the transmission 
of sound. Beyond this, we know nothing. There are 
small bones in a state of pressure, and there are curved 
tubes chained with fluid, and there are fibrous fringes; 
but we know not the function of any of them. 

It seems likely that some advance might be made 
in our knowledge by a study of the phaenomena of deaf- 
ness. There is frequent misapprehension on the charac- 
ter of this loss of sense. In many cases, and perhaps 
ultimately in all cases, it is an incapability of hearing 
anything; but in a far greater number of cases it con- 
sists in hearing too much; in an excessive sensitiveness 
to certain sounds which, by a species of resonance, mix 
themselves with other sounds so as to produce confusion. 
In an instance that lately came under our observation, 
we remarked that the two notes which we have marked 
AJr and aljl produced a very painful effect, of the charac- 
ter of confused loud resonance. With this, or follow- 
ing this, was a frequent failure to perceive the hissing 
sound of «; and perhaps the general sensibility to 
sound diminished. But we are quite unable to say 
what part of the animal structure was the seat of the 
oiganic fault. 



DESCRIPTION OF THE PLATEa 

I 

Figure 1 represents the state of the barometer-tube 
when, after the tube with its closed end downwards 
has been filled with quicksilver, and when a cup or 
cistern nearly filled with quicksilver has been prepared 
for its reception, the open end of the tube is covered 
^as with the finger), the tube is suddenly inverted, its 
open end is plunged deeply into the quicksilver of the 
cistern, and the finger or other covering is withdrawn. 
Then, if the length of the tube exceed 32 or 33 inches, 
the upper surface of the quicksilver drops, as shewn in 
the figure, leaving a vacuum above it, and exhibiting a 
column of quicksilver whose height, measured from the 
surface of the quicksilver in the cistern, represents the 
pressure of the atmosphere on that surface. 

Figures 2 and 3 represent curved tubes in which the 
pressure of quicksilver (above which is vacuum) in a 
long column balances the aggregate of atmospheric pres- 
sure and the pressure of quicksilver in a short column. 

Figures 4 and 5 represent curved tubes in which 
there is a certain quantity of air between the surface of 
the quicksilver and the closed end of the tube. In . 
Figure 4, that air is allowed to expand itself, till its 
diminished elasticity, added to the pressure of a long 
column of quicksilver, balances the pressure of the 
atmosphere added to that of a short column of quick- 
silver. In Figure 5, the pressure of the atmosphere, 
added to that of a long column of quicksilver in the 
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open tube, overcomes the pressure of a short column in 
the closed tube, and condenses the air above it till its 
elasticity is so much increased as to produce, with the 
weight of that short column, a balance of pressures. 

Figure G represents the movements of particles of 
air in a horizontal column, when waves of condensation 
and expansion pass continuously through them from 
left to right The first line represents the particles as 
at rest; the remaining five lines represent them in 
successive states as the waves advance successively 
more and more to the right The delicate curved 
lines nearly vertical shew the successive positions 
of the same particle: the movement of every parti- 
cle is obviously oscillatory. If we examine the mo^ 
tions of one particle, for instance g; we see that at 
the time T it was at its undisturbed or mean position, 
but moving backwards; but the condensation of par- 
ticles before and behind were equal, so that there was 
no tendency to alter its velocity. But at the time 

r^riaads™d„^l,.pp^hed.o..d had reached. 

position in which, respect being also had to the posi- 
tions gained by neighbouring particles, the condensation 
and consequent elastic force were much greater in rear 
than in front, and there was a tendency to throw it 
forward. Carrying on similar considerations to the times 

2t 3t 

jr+v-,3r+-/-i r+T, it win be seen that, at every 

time, the forces produced by the supposed motion of the 
particles £u:e such as are able to maintain that supposed 
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• 

motion of the particles. It will also be seen that 
between the time Tand the time T+r, every particle 
has described its complete double oscillation backward 
and forward ; and also that the state of condeosatioQ 
has advanced in the same interval of times, firom a to a\ 
or through the interval between two waves. 

In Figure 7, the motions of every particle (which 
are entirely vertical) may be imitated exactly by those 
of a stretched cord. The reader is referred for these to 
the author's Treatise On the Undidaiory Theory of LiglU. 

In Figure 8, the motions are more complicated^ 
l)eing compounded (for each particle) according to tliis 
law: that the horizontal parts of the motion are exactly 
those in Figure 6, and the vertical parts are exactly 
those in Figure 7: the place of greatest elevation cor- 
responding to the place of greatest horizontal condensa- 
tion, and the coefficients of vertical and horizontal dis- 
placement being sensibly equal. The author has treated 
of this subject in ^he Encyclopcedia Metropolitaiia, 
'• Tides and Waves." 

Figures 9, 10, 11, appear to require no explanation 
beyond that in the text. 

In Figure 12, right-hand figure, is represented a 
crooked wire which can be pressed upon the elastic 
lamina or tongue of the Reed. By thrusting this to 
different positions, the vibrations of the reed- tongue 
may be made to correspond more nearly with those due 
to the length of the organ-pipe. 

Figure 13 is explained in the text. 
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Figures 14 and 15 represent two complicated waves 
of the approximate concord of Octave formed with 
different intervals of the waves^ which can in no wise 
be reconciled as similar, at whatever point either be 
supposed to commence; and thus the effect which their 
alternation produces in creating beats (see Article 92) 
fully justifies the opinion of practical musicians (see 
Article 87). 

Figures IG and 17 represent two complicated waves of 
the approximate concord of Fourth ; which can be made 
a little more similar by beginning the first at its middle 
point, but which will always have a veiy sensible differ- 
ence. They therefore produce beats (Article 92), but 
not so remarkable as those of the approximate Octave. 

Figure 18 shews the intense beats produced by the 
approximate Unison* 

In the second diagram of Figure 20 is exhibited a 
view of the top of the first diagram of Figure 20. Each 
of the laminae is mounted as in Figure 19 (two laminaa 
facing each other), and the blast of air from below se* 
parates them, in concave forma 

In the second diagram of Figure 21 is exhibited a 
view of the top of the first diagram of Figure 21. 
When the blast of air enters from below between the 
two laminad separated to a distance, it sucks them to- 
gether with forms convex to each other. 

Figure 22 is explained in the text 



CAXBUDOIi nUVTBD AT TMI WITBBMTT PBCM 



'^-'*4 T ■ ■ L ■ — 1 11 U I ■ * m * * — ^ T' l ' 1 ~ I I < ' »*-v 



1 



i 



i- 




< 
"8 

I 



t. 



! ; 



1 1 



h 

■ 



i: 



KM 



W«iW 



^ ■■ 1 ■»»»■—» iM I ■■« ■ 






ADDENDUM TO ARTICLE 54^^« 



275 



Firsts we will consider the radial movement of 
the particles of air external to the belL 

Let & be the radius of the bell. The radial move- 
ment of the surface of the bell (which must be the 
same as the radial movement of the particles of air 
in contact with the bell, external and internal) will 
be found by putting 6 for r, in the /unctions 

as well as in the explicit factors. And, as the move* 
ment of the bell is arbitrary, the forms of the functions 
must be adapted to represent that arbitrary motion 
when r » 6. It will be remembered that all functions 
of i; or a< — r then become functions of oi — i, and 
that all functions of u or at-i-r become functions of 
at-^hfiik which the only variable is t. 

Algebraically, we may take any forms for ^and 1/ 
which upon substituting b for r will cause the function, 
that we have lately found, to represent the movement 
given by arbitrary causes to the belL No terms be- 
come infinite, and there is no other algebraical con- 
dition whatever. But practically there is this con- 
dition; we suppose the waves to begin at the bell 
and to flow outwards ; and therefore we must reject 
the terms depending on u, and retain those depending 
on V. In any simple assumption for the motion of the 

bell, as for instance ^ ^ • sin (J3^ :i- 0), (or any as- 
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•emblage of nmilar terms with different constants,) 
there will be no difficulty in finding the general fomi 
of the function JET which, when it is substituted in the 
brad^et above^ and when finally b is put for r, gives 
the assumed value for the motion of the belL 

Secondly, in regard to the movement of the par« 
tides of air within the belL 

It is impossible to define these by means of the 
functions of v only (contained in the first line of the 
bracket), because when r^O they receive infinite 
multipliers, and there is no tendency in the different 
terms to destroy each other. The only possibility of 
giving a solution which is admissible depends on the 
combination of functions of v and v. We will examine 
into the practicability of so arranging these that no 
infinite terms shall remain. * - 

We will first make a change which is convenient, 
jthough not necessary, in the expression for J2. 

• • . • • • 

Differentiatiag Haa, 

* . . ...... 
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This is the same as the term in R which dependg 
on L. And therefore the term in the radial motion 
of thQ.air which depends upon L may be expressed by 

5-f-^[-i{'--i<^-)}]- 

And it will be found on trials giving due attention to 

the cii-cumstance that -^ — "~;7~» ^** ^® ^^^ same 

expression applies to the term depending upon H, only 
substituting U for L. 

For the air within the bell, let M and N be the 
functioQS of v and u. It is at present oiir special 
object to examine the movements when r is very small 
or 0; and therefore we will expand the expressions 
in powers of r. Let J/,, *J/„ *J/,, W,, •J/„ »i/,. &c., 

be the values of M, -r— , *-tj , -1-,- , &c., when r=0; 

or when v, which = at ^r^ is reduced to at. These 
quantities M^, ^M^, &c%, are functions of t, but not of n 
And let N^^ W^, &c., be quantities having the saxnb 
relation to N. Then the radial displacement of the 
air. 



or 
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will be found by substituting the following values for 
if and jKT; 

the general term of M+ N being, for every term ex- 
cept the firsts 

{(-i)vif.+-^;}x^-^. 

■ » 

The corresponding general term of radial displace- 
ment^ formed by use of the expression above, will 
be 

|.f.[(-i)-.-if.vjrjx '-';>-f ^; 

and, forming the first term by independent use of the 
expression, and forming the other terms by making n 
succesdvely >■], 2, 3, &a, we obtain for the radial 
displacement. 

Now, if if«<^(v), let ^>--^(u). Then, when 
r-6, M^'^iat), N^-^at), *ndX+-^.-0- 
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Tho same holds for the sum of every pair of di£fer* 
ential coefficients of even order: those of odd orders 
have equal values with similar signs. • And the entire 
•expression for radial motion is 

4o r' • 

• a 

and thoro is no infinite term. 

Thus the only condition which, algebraically, re* 
quires attention, is that the functions of u and v be 
similar in form, but affected with opposite signs. 

• 

The radial movement, derived from an expression 

above, with attention to this consideration, will now be 

f 

The form of the function -^ is to be determined 
by trial so that, when the several differentiations are 
performed and b is substituted for r, the radial 
movement will correspond with the assumed motion 
of the bell. If the law of assumed motion of the 

bell be simple, as for instance ^ ^ . sin (J3^+ C), (or 

any assemblage of similar terms with different con- 
slants,) there will be no difficulty in finding a form 
for ^. 
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ADDENDUM TO ARTICLE 61. 

A series of experiments on the properties of Steel, 
including amongst other things the rates of extensi- 
bility and compressibility by the action of forces, has 
lately been published by the Institution of Civil 
Engineers. It appears from these that the amount of 
compression produced by a given weight acting for 
compression^ and the amount of extension produced 
by the same weight acting for extension, are sensibly 
the same. And that, for a bar whose section is 1 
square inch, a force of 1 ton employed in extension 
or compression alters the length of the bar by 0*000076 
X the whole length of the bar. The specific gravity 
of the steel was 7'847. 

As the weight of a cubic foot of water is (with 
sufficient accuracy for these experiments) 1000 ounces 
avoirdupois, the weight of a cubic foot or 1728 cubic 
inches of steel is about 7847 ounces or 49031 pounds ; 
and the number of cubic inches of steel (or the length 
in inches of a steel bar of 1 inch section) weighing 
1 ton or 2240 pounds will be 7895. As this produces 
an extension or compression of 0*000076 of the whole 
length, the constant L in the expressions above will be 

7QQS 

in inches pQ^yg » 103882000 ; or in feet - 8637000. 

From this, by the formula above, the velocity of sound 
through steel ■■ 16C72 feet per second 

_ < ^^ 
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iESCHYLI EUMENIDES. The Greek Text, with EnglUh Notes 
and English Verse, Translation, and an Introduction. By Bernard 
Drake, M.A., late Fellow of King's CoUq^ Cambridge. 
8vo. y. 6d. 

The Greek text adopted in this Edition is based upon that oj JVeHatier, 
whieh may be scud, Ut general terms, to repraent that of the best matiu* 
scripts. But in correcting the Text, and in the Notes, advantage has been 
taken of the suggestiotu of Hermann, PaUy, Littwood, and other com^ 
mentators. In the Translation, the simple character of the ^Eschylean 
dialogues has gettercdly e?tabled the author to render them without any 
material deviation from tlte construction and idioms of the original Creek. 
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ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 

ELENCHI. With a Translation and Notes by Edward Posts, 

M. A., Fellow of Oriel College, Oxford. 8vo. %s, 6d. 

Baida tki doctrine of FailtuUs^ Aristotle offers^ either in this treatiu 

or in other passages quoted in the commetUary^ various glances ever the 

world of science and opinion^ various suggatiofu or probUtns which are 

still agitated^ atul a vivid picture of the ancient system of dialectics^ which 

it is hoped may U found both interating and instructive. 

Aristotle. — AN INTRODUCTION TO ARISTOTLE'S 

RHETORIC. With Analysis, Notes, and Appendices. By E. 

M. CoPB, Senior Fellow and Tutor of Trinity College^ Cam* 

bridge. 8va 14/. 

This worh is introductory to an editton of the Greek Text oj ArtstotUs 

Rhetoric^ which is in course of preparation. Its object is to render thai 

treatise thoroughly intelligihle. The author heu aimed to illustrate^ eu 

preparatory to the detailed explanation of the worh, the genered hearings 

and rdaiions of the Art of Rhetoric in itself^ as well as the special mode of 

treating it adopted by Aristotle in his peculiar system. The evidence upon 

obscure or doubtful ptestions connected with the subject is examined; atul 

the relations which Rhetoric bears, in AristotUs view, to the kindred art 

of Logic are fully considered A connected Analysis of the work is given, 

sometimes in the form of paraphrase ; and a few important matters are 

separately discussed in Appettdiea. TJiere is added, as a general Appendix, 

by way of specimen of the antagonistic system of Isocrates and others, a 

complete emalysis of the treatise called 'Pifropixi) itp^% *Ak4^aif9p»e, with a 

ducussion of its euUhorship and of the probable results of its teaching, 

Cicero.— THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St John'g 
College, Cambridge. Third Edition, revised. Fcap. 8yo. 5/. 
This volume fpens with a List of Boohs useful to the Student of Cicero, 
including History, Chronology^ Lexicons, emd some account of various 
mostly German^ of the works of Cicero. The IntrodnOion it 
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htuid QH Halm : whert Halm gwet a referenci to a classic^ tJU passage kat 
bun tomtnonly prinud ai Ungth ; where the reference is ta Ifaim*s et^Ut 
§n other Ciceronian speeches, or to modem boohs, the addiii^nai wtaiiir has 
been incorporated: and the numerous Greeh quotations have heen rendered 
into English* The English editor has further Ulusiraied the work hy 
additions drawn, Jor the most part, (i) Jrom thecLncient osstMarUies ; (2) 
from his ownprtvate mcurginal references, and jrom coUectians ; (3) /r^m 
the nota of previous commentators. A copious * argument* is also gisfem^ 

THE ORATIONS OF CICERO AGAINST CATILINA. | Wiih 
Notes translated chiefly from Halm. By A. S. Wilkins^ M.A. 
Fcap. 8va ^f. dd 

This edition is a reprint 0/ the one prepared by Professor Haim for 
OrdllCs Cicero, The historical introduction of Mr, Wilkius brings 
to, ether all the details which are hnown respecting CatUine and Mis 
rdations with the great orator. A list of passages where con/edmres 
have been admitted into the text, and also of all variaiions from the text 
of Kayser (1862) is added at the end. Finally the English Editor has 
subjoined a large number of notes, both original (distinguished hy a 
square bracket) and selected from Curtius, Sckldseher, Corssen^ and 
other well'hnown critics, an analysis of the orations, and an isulex, 

DEMOSTHENES ON THE CROWN. The Greek Text with 
English Notes. By B. Drake, M.A., late Fellow of King's 
College, Cambridge. Fourth Edition, to which is prefixed 
iESCHINES AGAINST CTESIPHON, with English Notes. 
Fcap. 8vo. 5/. 

An Introduction discusses the immediate causa of the two orations, and 
their getteral character. The Nota contain frequent referenca to the best 
authoritih. Among the appendices at the end is a chronological table oj 
the life and public career of /Eschina and Demosthena, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hoxx;sON, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3/. . .- 
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TU Uti Ptevost #/ Eton hot JUre sup filed a help to the eompositiom of 
JmHh Verse^ combitud with a krief introduetion to ClaseieeU MythoU^. 
In this new edition a few miitahes have been rectified; ruUs have been 
added to the Prosody; and a more un^orm system has been adopted with 
regard to the help afforded, 

Juvenal.— Thirteen Satires of JUVENAL. With a Commentary. 
By John E. B. Mayor, M.A., Fellow of St John'g College, 
Cambridge. Second Edition, enlarged. Part L Crown 8yo. sewed. 
3/. 6</. 

Tlhe text is aecompanied by a eopious Commentary, For various nota 
the author is indebted to Professors Munro and Conington, All the 
eitaOons have been tahen anew from the original authors, 

Marshall.— A table of irregular greek verbs 

classified according to the arrangement of Cuitius* Greek Grammar. 
By J. M. Marshall, M. A., Fellow and late Lecturer of Brasenose 
College, Oxford ; one of the Masters in Clifton College. 8vo. 
doth. I/. 
The system of this table has been borrowed from the exeelient Greek 
Creunmar of Dr. Curtius. 

Mayor John E. B.)- FIRST GREEK READER. Edited 
after Karl Hauc, with Corrections and large Additions by John 
E. B. Mayor, M.A. Fellow and Classical Lecturer of St John's 
College^ Cambridge. Second and Cheaper Edition. Fcap. 8vo. 

M'6d. 
A sdeetion of short passages^ serving to illustrate especially the Greek 
Accidence, A good deal of syntax is ituuUntally taught^ and Madvigand 
other boohs are eited^ for the use of masters : but no learner is expected to 
know more of syntax than is contained in the Notes and Vocabulary, 
A preface ** To the Header,'* not only explains the aim and method of 
the volume^ but also deals with classical instruction generally. The 
extracts are uniformly in the Attic dialect^ and any Hellenistic forms 
occurring in the original classic authors, such as jElian and Polybius, 
have been diuarded in favour of the corresponding Attic expressions. 
This booh may be used in connexion with Mayoi^s '^ Greek for Biginsurs.** 
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Mayor (Joseph B«)— greek FOR beginners. Bj the 

Rev. J. B. Mayor, M.A., Pi^fe^sof of Classical literattue ia 
King's College, London. Part L, with Vocabalaijry Ia U, ; 
Parts II. and IIL, with Vocabulary and Index, 5/. 6^ ; complete 
in one voL, fcap. 8vo. cloth, 4/. dd. 

The distinctivi method of this hook consists in huiiding up a hoyt 
knawiidge of Grak upon the foundation of his knawledgt of MngiisA and 
Latin^ ittstead of trusting everything to the unassisted memory. The 
forms and constructions of Greek have been thorouf^y comparetl tmik 
those of Latin, and no Greek words have Uen used in the earlier pasri of 
the book except such as have connexions eitker in Englisk or Lestisu £ewk 
step leads naturally on to its successor^ gramtnatical forms emd rules mre 
at once applied in a series of graduated exercises^ accompanied by ameple 
vocabularies. Thus the book serva as Grammar, Exercise book, mud 

Vocabulary. Wkere possible, the Grammar has been simplifietl ; ike, 
ordinary ten declensions are reduced to three, wkick correspond^ ta tke 
first thru in Latin ; and the system of stems is adopted, A gesttrai 

Vocabulary, and Index of Greek Vfords, completes the work. 

Peile (John, M,A.)— AN INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peile, M. A., Fellow 
and Assistant Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. 8vo. lOr. td. 

These Philological Lectures are the result of Nota made durit^g the 
autlior^s reading during tlte last three or four years. These Notes vure 
put into tlu shape of lectures^ delivered at Christ's College, during the last 
May term, as one set in the** Intercollegiate ** list. They are now priuted 
with some additions and modifications, but suhstantially as they %oere 
delivered. 

Plato,— THE REPUBLIC OF PLATO. Translated into English, 
with an Analysis and Notes, by J. Lu Davies, M.A.,and D. J. 
Vaughan, M.A. Third Edition, with Vignette Portraits of Plate 
and Socrates, engraved by Jeens from an Antique Gem. iSmo. 
4J; (id. 
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An iniroducUry notice supplUs tami account of the lift of Plato^ ani 
the translation is preceded by an elaboraie analysis. " The translators 
have^** in the Judgment of the Saturday Review, ** produced a booh which 
any reader^ whether acquainted with the original or not, can peruse with 
pleasure as well as profit. " 

Plautus (Ramsay),— THE mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena^ and 
Excursus. By William Ramsay, M.A., formerly Professor ot 
Humanity in the University of Glasgow. Edited by Professor 
GsoRGB G. Ramsay, M. A., of the University of Glasgow. 8vo. 
14/. 

" The fntits 0/ thai exhaustive research and that ripe and well'digested 
scholarship which its author brought to bear upon everything that hi 
undertooh are visible throughout it. It is furnished with a complete 
apparatus of prolegomena, notes, and excursus; and for the use of veteran 
schoiars it probably leava nothing to be desired J* — Pall Mall Gazette. 

Potts (Alex. W., M.A,)— HINTS TOWARDS LATIN 
PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St John's College, Cambridge ; Assistant Master in 
Rugby School ; and Head Master of the Fettes College, Edinburgh. 
Second Edition, enlarged. Extra fcap. 8va doth, y. 

Thou engaged in Classical teaching seem to be unanimously of the 
opinion that Composition in Latin Prose is not only the most efficient 
mothod of acquiring a mastery of the Latin language, but is in iisdj 
a valuable means of menial training, and an admirable corrective of some 
of the worst features in English writing. An attempt is here made to 
give students, after they have mastered ordinary syntactical ruUs, some idea 
of the characteristics of Latin Prose and the means to be empleyed to 
reproduce them. Seme notion of the treatment of the subject may be 
gathered Jrom the * Contents.' Chap. L^Characteristics of Classical 
Latin, Hints on turning English into Latin ; Chap. IL'^Arrangement 
* of Words in a Sentence; Chap. llL^Unity inLatin Prose, Subfect and 
Object: Chap. IV.^Onthe Period in Latin Prose; CUAF. y.-^On the 
position of the ReUtioi emd Relative Clauses. 
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Roby.— A LATIN GRAMMAR for the Higher Classes in Grmmmar 
Schools. B7 H. J. ROBY, M. A. • \In tJU Press, 

Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. Bj C. 
Merivale, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
Second Edition. Fcap. 8vo. 4/. dd. 

The JUGURTIIA and the CATILINA may be had separatelj, price 
2/. 6/£ each. 
This tdition ofSallust^ prepartd by the distinguished historiem of R^me^ 
contains an introduction^ concerning the life and worhs of SaJ/uei, iisU 
0/ the Consuls^ afui elaborate nota, 

Tacitus,— THE HISTORY OF TACITUS TRANSLATED 
INTO ENGLISH. By A. J. Church, M.A., and W. J. 
Brodribb, M. a. With Notes and a Map. 8vo. lor. td. 

The translators have endeavoured to adhere as closely to the original as 
was thought consistent with a proper observance of EngUsk idi^tn. At 
the same time, it has been their aim to reproduce the precise expressiofu of 
the author. The campaign of Civilis is elucidcded in a note ofsomu lengthy 
which is illustrated by a map, containing the names ofplaca and cftrihes 
occurring in the work. Then is also a complete account oj the Roman army 
as it was cotutituted in the time of Tacitus, This toork is • charaeUrised 
by the Spectator as ** a scholarly and faithful translation,^ • 

THE AGRICOLA AND CERMANIA OF TACITUS. A Rcrised 
Text, English Notes, and Maps. By Alfred J. Church, M. A., 
and W. J. Brodribb, M.A. Fcap. 8vo. 3/. 6d, 

** IVe have Cfideavoured, with the aid 0/ recetit editions, thoroughly to 
elucidate the text, explaining the various difficulties, critical and gramsma* 
tical, which occur to the student. We have consulted throughout^ 
the older commentators, the editions of Ritter and Ordli, but 
under special obligations to the labours of the recent German editors^ Wex 
and Krit%,** 7\oo Indexes are appended, (i) of Proper Nama^ (a) 0/ 
Words and Phrases explained 
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Tacitus — continued. 

THE AGRICOLA and GERMANIA may b« had sqpaiately, price 

2/. each. 
THE AGRICOLA AND GERMANIA. Translated into Englidi 

by A. J. Church, M.A., and W. J. Brodribb, M.A. With 

Maps and Notes. Extra fcap» 8va ax. ^ 

Thi troMslalars have sought to produce suck a version as may satisfy 
scholars who demand a /aish/kl rendering of the origimU^ and Engiish 
readers who are offended hy the baldness dnd frigidity which commonly 
disfigure translations. The treatises are accompanied by introductions^ 
notes^ maps^ and a chronologiced summary. The Athensetim says of this 
work that it is** a version at once readable and exacts which may be perused 
with pleasure by cdl^ and consulted witk advasUage by tke classical stueUnt." 

Theophrastus. — THE characters of theo- 

PHRASTUS. An English Translation from a Revised Text. 
With Introdnction and Notes. By R. C Jkbb, M.A., Public 
Orator in the University of Cambridge. Extra fcap. 8va 6s. 6eL 

To tke average Englisk reader Theophrastus is little known. At tko 
present time, when there is a general desire to see ancient Itfe more vividly 
on every sidefi^om which it can illustrate our own, it seems possible that 
the characters of Theophrastus may possess some potent ifUerat. ' Tie text 
has undergone careful revision. An Introduction supplia an account of 
the origin of the book, and of writers who have imitated it: as Hall, 
Sir Thomas Overbury^ and others. The notes are for the most part 
selected from ancient sources. 

Thring.— Works by the Rev. E. THRING, M.A., Head.Idaster 
of Uppingham SchooL 

A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. By Edward Thring^ M.A. New Edition, enlarged, 
with Coloured Sentence Maps. Fcap. 8vo. 2/. 6d. 

The Head Master of Uppingham heu here sought to supply by easy steps 
a knowledge of grammar, combined witk a good Vocabulary, Assages 
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Thring — continued. 

passaga an gradually huiU up in tknr graMmoHcal 4ir»t€ittr^ omJ 
Jlnally prinUd in full. A tkart practical manmtl of c^mtmam wtmod €m$* 
ttructiont^ with thdr English cquiuaUnU^ firms a second ^arim 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap.8yo. is. 6d. 
Treats oftke§rdinary mood canstrucH^ns^ asfiund in tk€ LaHn^ Grwek^ 
and English languages^ 

A CONSTRUING BOOK. Fcap. 8va 2/. U 

Thucydides.— THE SICIUAN EXPEDITION. Being Books 
VL and VII. of Thucydides, with Notes. A New Editioii, revised 
and enlarged, with a Map. By the Rev. Fercival Frost, M. A., 
late Fellow of St John's College, Cambridge. Fcap. Svo. 5A 
This edition is mainly a grammatical one Attention is called io the 

force of compound vcrbs^ and the exact meaning of the vatioMs ietua 

employed, 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Introductions, Running Analysis, and 
an Index, by James Lonsdale, M.A. and Samuel Lex» M.A. 
Globe 8vo. $/. 6</.; gilt edges, 4/. 6d. 

The preface of this new volume infortns us that " the original hcu been 
faithfully ratdered, and paraphrase altogether avoided At the same time^ 
the translators have endeavoured to adapt the book to the use of the 
English reader^ Sonic amoutit of rhythm in the structure of the sentence 
has been generally maintained; and, when in the Latin the sound of the 
words is an echo to the sense (or so frequently happens in Virgil), an 
attempt has been made to produce the same result in EnglishJ* 

The general introduction gives us whatever is known of the poets life^ 
an estimate of his genius, an account of the principal editions and trans^ 
lotions of his works, and a brief view of the influence he has had on 
modern poets ; special introductory essays are prefixed to the** Eclogues^** 
** Georgics,** aftd ** jCneidJ* The text is divided into sections, each of 
which is headed by a concise analysis of the subfect ; the index contaisu 
referaua to all the characters and events of any importance. 
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Wright.— Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School 

HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 

related by Diodorus and Thucydides ; being a First Greek Reading 

Book, with .explanatory Notes, Critical and Historical Third 

Edition, with a Vocabulary. I2ma y, ttU 

In tki last tweniy chapters of this volumt^ Thucydida sketeha the rise 

and progress of the Athenian Empire in so clear a style and in such simple 

language^ that the editor has doubts whether any easier or more instruct 

tive passages can he selected for the use of the pupU who is commencing 

Greek, This booh ituludes a chronohgiceU table of the events recorded. 

A HELP TO LATIN GRAMMAR ; or. The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8va 4/. 6d, 

Thu booh is not intended as a rival to any of the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them, 

THE SEVEN KINGS OF ROME. An Easy NanaUve, abridged 
from the First Book of Livy by the omiuion of Difficult Passages; 
being a First Latin Reading Book, with Grammatical Notes. 
With Vocabulaxy and Exercises. Fourth Edition. Fcap. 8vo. 5/. . 

Tkis work is intended to supply the pupil with an ea^ construing booh, 
which may at the same time be made the vehicle for instructing him in the 
rules of grammar and principles of com^siiion. The nates profess to 
teach what is commonly taught in grammars. It is conceived that the 
^upii will learn the ruUs of construction of the language much more 
easily from separate examples, which an pointed out to him in the course 
of his reading, and which he may himsdf set down in his note-booh after 
some scheme of his own, than from a heap of psotaiions amassed for him 
kf others. 

Or, separately, 

SEVEN KINGS OF ROME. 3^. 

VOCABULARY AND EXERCISES TO "THE SEVEN KINGS. 
2s.fuL 
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CLASSIC VERSIONS OF ENGLISH BOOKS. 

AND LATIN HYMNS. 

The following works are, as the heading Indicates, 
classic renderings of English books. For scholarSy and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecdesiae are here inserted, as 
partly falling under the same class. 

Church (A. J., A.M.)— HORiE TENXYSONIANiB. tire 
Eclogae e Tennysono. Latine icdditae. Cun A. J. CUUBCU, 
A.M. Extni fcap. Svo. 6r. 

Laiim versions of SiUaions from Tmmymm. Awiot^g tie autkmrs mrt 
tki Editor, tke iaU Pro/asor Comimgtom^ Professor Sedey, Dr. Has^^ 
Mr, KMd^ astd other gtHtUmuH. - 



Latham.— SERTUM SIIAKSPERTANUM, Subncxis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. LATiiAM, NLA. 
Extra fcap. Svo. 5/. 

Besidis versions of Skaksf^eare this volume contains, awwng otkrr pieces^ 
Grays ''£lt^" CampbilTs '' Ihhenlinden,'' IVoif/s *' Burial of Sir 
John Moore^ and seUctiofu Jrom Cowper and Geor^ Herbert. 



Lyttelton.— THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. Svo. 5/. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 6r. (id. 

Merivale.— KEATS' HYPERION, rendered into Latin Verse. 
By C MsRiVALi; B.D. Second Edit. Extra fcap. Sva 3/. teU 
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Hymni Ecclesise. — Edited by Rer. Dx. Nxwmam. Extra 
fcap. 8to. 7/. ttU 



Hymnt of ikt Msdiaval Ckwrk, TTU fird Pari e^iUams tdections 
firpm lAtArisiaM Srevkuy; iktueomdjrom thctt tf Romi^ SaiiAury^ 
And York* 

Trench (Archbishop). — SACRED LATIN POETRY, 

chidly Lyrical, selected and arranged for Use ; with Notes and 
Introdnction. Fcap. 8to. Is. 

In this work iki mUior hot sdtcUi kywuu tf « €aiMoik rdigiomi 
wUimeni thai an eommon i§ CkrisiimUm^ wkUi rgtcOng ik$u 0/ « 
duimtt kf efy Rmmh duuradir^ 
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Airy. — ^Works by G. B. AIRY, Astzcoomcr Rojal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Unhcr^ 
sitics. With Diagrams. Crown 8ro. doth. 51; M 

// is hoptd that tkt methods ofsoltUitm hire expiaisud^ and tJU JMstaM^a 
exhUiUd, will be found sufficient for application to nearly all UUimporiani 
problems of Physical Science, which rehire for thetr eompleU hosHsHgaiiom 
the aia of Partial Differential Equations, 

ON THE ALGEBRAICAL AND- NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. doth. dx. 6^. 

In order to spare astronomers and observers in natural philosophy tht 
confusion and loss of time -which are produced by referring to the ordinary 
treatises embracing both branches of probabilities {the first relating t^ 
chances which can be altered only by the changa of entire untie or in' 
tegral multiples of units in the fundamental conditions of the problem ; 
the fither concerning those chances which have respect to insensihU grada" 
tions in the value of the element measured) the present tract hcu been drawn 
up. It relates only to errors of observation, and to the rules^ derivable 
from the consideration of these errors^ for the CQmbinati^m of the remits 
of observations. 
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Airy (G. B.) — amtiniud. 

UNDULATORY THEORY OF OPTICS. Designed for the Use ot 

Students in the Univenity. New Edition. Crown 8va doth. 

6r. 6<^ 
Tki undttlaiory tAwry of opiUs it pretenUd to the reader as having the 
same claims to his attention as the theory of gravitation : namefy^ that it is 
eertainiy true^ and that, hy meUhematieal operations oj general degofue^ ii 
leads to results of great interest. This theory explaitu with accuracy a 
vast variety of phenomena of the most com^ieaied hind. The plan ofthts 
tract hcu been to include those phenomena only which admit of calcuUUion^ 
and the investigations are applied only tophenomena which actually have 
been observed, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
. Mathematical Elements of Music Designed for the Use of Students 

of the University. Crown 8vo. ^, 
This volume consists of seettons^ which again are divided into numbered 
articla, on the foUewing topics : General recognition of the air as the 
medium which conveys sound; Properties of the air on which the forma* 
tion and transmission of sound depend; Theory of usidulations as applied 
to sounds £rv. ; Invatigation of the motion of a wave of air through the 
atmosphere ; Transmission of waves of soniferous vibrations throng dif 
jerent gases, solids, and fluids; Experiments on the vdociiy of sound, 
^e*: On musical sounds, emd the manner of producing them ; On the 
elements of musical harmony assd mdody^ and of simple musical compost* 
twn; On instrumental music; On the human orgasu of speech emd 
hearing* 

A TREATISE ON MAGNETISM. Designed for the use of 
Students in the University. Crown 8vo. 91. 6</. 

Airy (Osmund.) — a treatise on geometrical 

OPTICS. Adapted for the use of the Higher Classes in Schools. 

By Osmund Airy, B.A., one of the Mathematical Masters in 

Wellington College. Extra fcap. 8vo. ^f. 6<^ 
** This is, J imagine, the first time that any attempt has been made to 
adapt the subfect of Geotnetrical Optics, to the reading of the higher 
classes in our good schools. That this should be so is the more a matter 
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fr r€wtMrk^ nmu the smkiid wmiU mfpear U be pemlimrfy JUUd /m- nuk 
MM mdapiatioH. .... I have eHdeoDmrtd^ ms muek ms ftssiUe^ ib apmd 
tk£ exampU tf tAmse fo^Uar lecturers wk^ expiaim HfSemliia iy igmmimz 
tkam, ^"^ ffr ''" -^*--^ "f '•y ^t-j — rr'(rr*'ff(f hrrify^ f kmvf gwimd* 
oitirdy one §r txoa portimu 9f ike smbject wkiek I etuiderwd mmmtcoMuy 
te m dear understamdimg ef the reO^ mmd wkick ^fpear i§ wu ketUr tmrmi 
mi a mtcre mdvanced stage," — AUTHOR*! PftKFACl. 

Bayma.— THE elements OF MOLECULAR MECHA- 
KICS. By Joseph Bayma. S.J., Profestor of Philoioph/, 
Stonyhurst College. Demy 8vow doth. lOc 6d. 

Of Uu twelve Books imU vfkkk tke presemi treatise is danded^ ik^Jb^ 
and second give tke demomstratiom of tkeprineiples wkiek bear dirwetfy am 
tke eonsOtutiom and ike p^fertia of wtatter. Tke next ikne books eamimim 
a series of ikeorewis and of problems on ike laws of m o t w n of dtwumtmry 
substanca. In ike stxtk and sevenlk^ ike meekanical eonstOntiom afmeaU^ 
rules is invtsiigated and determined: and by it ike general properties of 
bodies are explained Tke eigkik book treats of bsminiferons eeiker, Tke 
nintk explains some speetal properties of bodia. Tke tenik and oleceHtk 
eontain a radical and lengiky invesiigation of ekemical prituipUi etmd 
relations^ wkiek may lead to practical ranlts of kigk importasue^ Tki 
twelftk and last book treats of molecular masses, disianca, and powers, 

Bcasley.— AN ELEMENTARY TREATISE ON PLANE 

TRIGONOMETRY. With Examplct. By R. D. Beaslxy, 

M.A., Head Master of Grantham Grammar School Second 

Edition, revised and enlarged. Crown 8va doth. 3/. 6d. 

This treatise is specially intended for use in schools. The choice of muUter 

hcu been chiefly guided by the rct/uirements of the three dayi examination 

at Cambridge, A bout Jour hundred examples have been added to this edition^ 

mainly collected jrom the Examination Papers of the last ten years, 

Boole. — Works by G. BOOLE, D.C.L., F.R.S., Professor of 

Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. T0DHUNTE&. Crown 8to. doth. 
14/. 
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Boole (G.p D.C.L.) — afntinued. 

Professor Boole has endeavoured in this treatise to convey as compete an 
account of the present state of knowledge on thi subject of Differential Equa* 
tions, as was coftsistent with the idea of a worh intended^ primarily^ for 
elementary instruction. The earlier sections of each chapter contain that 
hind of matter which has usually been thought suitable for thf beginner, 
while the latter ones are devoted either to an account of recent discovery, or 
the disatssion of such deeper questions of principle as are likely to praent 
themsehes to the reflective student in connexion with the methods and 
processa of his premous course, 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by L Todhuntkr* Crown 8yo. cloth. 

This volume contains all that Professor Boole wrote for tfu purpose at 
enlarging his treatise on Differential Equations, 

THE CALCULUS OF FINITE DIFFERENCES. Crown Svo, 
doth. lor. td. 
In this exposition of thi Calculus of Finite Differenca,particular attention 
has been paid to the connexion of its methods with those of the Differential 
Calculus — a connexion which in some instanca involves far more than a 
merdy formal analogy. The worh is in some measure designed as a 
sequel to Professor BooUs Treatise on DiiTerential Eqoationa. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 
WITH SOLUTIONS .^ 
Z848-1851.— PROBLEMS. By Fe&^ss and Jackson. 8vo. 

doth. 15/. 6^ 
1848-185 1.— RIDERS. By Jameson. 8vo. doth. 7/. 6i£ 
1854. — PROBLEMS AND RIDERS. By Walton and 

Mackenzie. 8va doth. 101; td, 

1857.— PROBLEMS AND RIDERS. By Campion and 
Walton. 8vo. doth. &r. td, 

i86a— PROBLEMS AND RIDERS. By Watson and Routm. 
Crown 8va doth. 7/. (mL 

i8d4.^PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8va doth. 10/. 6dl 
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Boole (Gm ly.C.Li.y-confinued. 

Thisi voiumis will be found 0/ great value to Teaektrs and SSudenis^ as 
indUating the style and range of mathimatUal study in ilU Utewersiif ej 
Cambridge, 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B. A. Originally compiled b/ 
J. C. Snowball, M.A., late Fellow of St. John's College. 
FifUi Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations hj THOMAS LuND, B.D., Late Fellow and 
Lecturer of St John's College, Editor of Wood's Algebra, Ac. 
Crown 8vo. cloth. 5/. 
This iifork will be found adapted to the wants, not &nfy ^ Unwersity 
Students, but also of many others who require a short course of Meekanke 
and Hydrostatics^ and especially of the candidates at our MiddU Cimss 
Examinations, At the etui of each chapter a series of easy qusstmns is 
added for the exercise of the student. 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8va doth, ^L 4s, 
Only a few copies remain on hand. Among ContrihUerr to this 
worh will be found Sir W, Thomson^ Stoha, Adorns^ Boole, Sir IV, R. 
Hamilton, De Morgan, Cayley, Sylvester, Jdlett, as§d other dististgmsAsd 
mathematicians* 

Candler.— HELP TO ARITHMETIC Designed for the use of 
Schools. By H. Candler, M.A. Mathematical Master of 
Uppingham School. Extra fcap. 8va 2s, 6d, 

This work is intended as a companion to any text book thai may be 
in use, 

Cheyne.— AN ELEMENTARY TREATISE ON THE 

PLANETARY THEORY. With a CoUection of Problema. 

By C H. H. Cheyne, M. A., F. R. A. S. Second Edition. Crown 

8vo. cloth ^. 6d, 

In this volume, an attempt has been made to produce a treatise on the 

Planetary theory, which, being elementary in character, should be so far 

complete, as to contain all that is usually required by students in th^ 

University of Cambridge, This Edition has been car^uUy rewsed, Tht 

stahility of the Planetary System has been more Jully treated, and an 

B 
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Cheyne (C. H. H.p M.A. F.R.A.S.)''-am/inued. 

flt^aftt geometrical explanation of tki formula for the secular variation of 
tki nodi and inclination^ due to Mr, H, M, Taylor ^ has Uen introduced, 

THE EARTH'S MOTION OF ROTATION. By C H. H. 
Cheyne, M.A., F.R.A.S. Crown 8vo. y. 6d, 

The first part of this worh consists of an application of the method of the 
variation of elements to the general problem of rotation. In the second 
part the general rotation formula are applied to the particular case oj 
the earth. 

Chlldc— THE SINGULAR PROPERTIES OF THE ELLIP. 

SOID AND ASSOCIATED SURFACES OF THE Ntk 

DEGREE. By the Rev. G. F. Childb, M.A., Author of 

** Ray Surfaces," " Related Caustics," &c 8va lox. 6d. 

The object of this t^olume is to develop peculiarities in thi EUipsoid; 

and, /urther, to estahlish analo;^ous properties in the unlimited congeneric 

stria of tohich this remarkable surface is a constituent, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal ^lilitary Academy, Woolwich. Crown 8va doth. &r. td. 

The scries of Mathematical exercisa hire offered to the public is collated 
from those which the author has, from time to time, proposed for solution 
hy his pupils during a long career at the Royal Military Acadany, A 
student who finds that he is able to solve the larger portion of these exercisa^ 
may consider that hi is thoroughly well grounded in the eUmintary prin* 
cipUs of pure and mixed Mathematics, 

Dalton.— ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rev. 
T. Daltoic, M.A., Assistant Master of Eton College. iSmo. 
doth. zs.6d. Answers to thi ExampUs are appended. 
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Day.— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. PART I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A., Head Master •f 
Sedbargh GfamiDar SchooL Crova 8va ^r. ^d, 

Tkt djfct ^ this hmk it the imtw/meiim tf m irtmimumi tf Cmne 
Snti»nt wAuA skmdd he simple mnd mmtmrmi^ mmd !md by mm smsy tnuui* 
timt U ike tumlj^ml muU^ds, wiiJ^mi Je^mrtimg fr^m ike Mriet gmmulry 
ef Euclid. 

DodgSOn. — AN ELEMENTARY TREATISE ON DETER- 
MINANHTS, with their Appltcatkm to Simalcjuieoas Linear 
Equations and Al^braical Geometry. By Chari.cs L Dodcsok, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. SmaU 4to. doih. lea, 6^ 

The ehject ef the nutkar is U praent tkesttfyeet mt a eemtismMu eJkeum e>f 
mrptmunl, separatM /rem all aecesseries ef expUnati^m er iOautretii^tu 
All suck explattatiem and Ulusiratmn eu seewmd meeesmsy/mr m kegisuter 
mre itUroduced eitker in the ferm ef fooi-neUs^ tfr, wkere tkai wetUd ksve 
eccmpied tee muck reem^ ef Appendices. 

Drew.— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M. A.. St John's College, Cambridge. 
Fourth EdiiioQ. Crown Sva cloth. 4/. (hi. 

In Ods vorh the subject cf Conic S^ctbns has been placed h^ore tke student 
in suck a form that, it it hcp^J^ after mastering tke dements of Euclid, ke 
may find it an easy and inicratin^ continuation of his geometrical studies, 
H'itJk a view, also^ of rendering the zccrk a complete manual ef wkat is 
required at the Unrz'crsitics, there hjz'c either been embodied into tke text or 
inserted amen ^ the examples, every bock-wcrk question, problem, and rider, 
whick Mas been proposed in tke Cambrid^ examinations up to ike present 



SOLUTIONS TO THE PROBLEMS IN DREWS CONIC 
SECTIONS. Crown 8to. doth. 4J. 6d. 
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Edgar J. H.)— note-book on practical solid 

GEOMETRY. Containing Problem! with help for Solutions. By 
J. H. Edgar, M.A. Lecturer on Mechanical Drawing at the 
Royal School of Mines. 4ta it. 

In Uaeking a Uirge clasSf if ike mdhod of Ucturing and demonUrating 
from tki Mack hoard only it ^rtued^ the mart intelligent ttudentt have 
generally to ke kept Sack, from the necettity of frequent repdition^ for the 
take of the lot promiting; if the plan of tettwg proUemt to eaeh pupil it 
a d op ted ^ the teacher fndt a difficulty in giving to each tuffieient attention. 
A judiciout combination of both methodt it doubtUtt the best ; and it it 
hoped that thit rault may be arrived ai in tome degree by the uu of thit 
baok^ which it t imply a collection of exampUt, with helpt for toluOon^ 
eurranged in progrettiife tectiont, 

Ferrers.— AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rer. N. M. Fkresrs, M. A., Fellow 
and Tutor of Gonville and Caius College^ Cambridge. Second 
Edition. Crown 8vo. 6/. 6d 

The object of the author in writing on thit tuhjeet hat mainly been to 
place Hon a batit altogether independent of the ordinary Cartetian tyttem^ 
inttead of regarding it at only a special form of Abridged Notation. 
A thort chapter on Determisusntt hat been introduced. 

Frost.— THE FIRST THREE SFX:TI0NS OF NEWTON'S 
PRINCIPIA. With Notes and Illnstiations. Also a coUection of 
Problems, principally intended as Riamples of Newton's Methods. 
By Pbrcxval Frost, M.A., Ute Fellow of St. John's College, 
>Iathematical Lecturer of King's College^ Cambridge. Second 
Edition. Svo. doth, lot, 6d, 

The author^t ptineipal intention it to explain difficultia which may be 
encountered by the ttudent on frtt reading the Prindpia, and to illuttrate 
the advasstafet of a earful ttudy of the methods employed by Newton^ by 
she w ing the entetti to whkhthoyme^ be applied iti the tolsstion^problemt; 
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Frost and Wolstenholxne. — ^a treatise on solid 

GEOMETRY. By PiscitaL Fbost, M.A., and the Rev. J. 
WoLSTZXROLxi, M.A., FcUow and AaasauA Tutor of Chive's 
SiOLdoth. lit. 



§f U€ jMijiea MI /auiiU, ImitmJiMii§makeHUmbitetm££atiU€^ 

m Om mrlier forti»m^ t9 aU daaa ^ ttmdmix^ tk^ km9€ emdta^ 

S9 afissM {jm/C^j all Hu frocnsa vkkk mn wuai ms^fiti im 

Sf tk£ jtikUm jf wt^kjdi miizk art iat adafUi U tJU axigmaa af mcA 

ImtiUwurtdi^ftMltfertianj^ftketmkiaa^a^kamtamaArad 
has ta ke aJJrtsxtmi a ii^ktr xliu 9j ttaidtmit; smd tkty Jkaive tk^ra 
t» Uya I90i f j mmJat mm am wiuJk ta imtid, if mt^ 
wukUp^rmtduKimaky'amitkilimuUtawkkktktwark. 



Godfray.— A TREATISE ON ASTRONOMY, for the Use of 
Co::eSCS aad Schools. By HuCK GoDntAY, M.A., MathenuUical 
Lecmer x: Peaibroke CoUe^ Cambria^ Sva doth. zax. 6^ 



Tkii .Swc gmir^G a7 tkc^t cr^tuka cf Aiir9H9my tekkk kaxn, Jram 
't» Simr^ MOi rtcimmuHSti by tki Cmh^HJ^ Board 9f Maikamatical 
ShUic: hJ iy/»r tkt Isr^ cmJ t^itr /orttom, adapud U tkeJSrst tkrtt 
dawt tf tJu £'r.rtig.i.*.vn fir H^ncurt^ may U read by tJU wt^rt 
adtntu-ad fat/ia im auxy zf cur sckMli^ Tkt autkar^s aim Mat Sam ia 



AX ELEMENTARY TREATISE ON THE LUNAR THEORY, 
viih X Bzief Sketch of the Problesa up to the time of Newton. 
By HCGH GODFKAY, M.A. Secood £ditioii» revised. Crown 
Sva doth. 5j; 6d^ 
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Tkete ptigts vfillf it is hoped^ form an itUroduetion U man recondiu 
works. DificuUiis have Uen discussed <U considerabU length. Tki 
selection' of the method foUewed with ttgard to analytieal solutions, 
wkieh is the same as that of Airy, Herschd, ^V. was made on account 
of its' simplicity; it is, moreover^ the method which hcu obtained in the 
Umversity of Casnhridgt, 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hbmmxng, M.A., 
Fellow of St John's College, Cambridge. Second Edition^ with 
Corrections and Additions. 8vo. doth. 91; 

Jones and Cheyne.— algebraical exercises. Pro- 
gressively arranged By the Rev. C. A. Jones, M.A., and C. H. 
Cheynb, M.A., F. R. A. S., Mathematical Masters of Westminster 
School New Edition. iSmo. doth. 2/. 6</. 

This littli hook is intended to meet a dijiculty which is probably fdt more 
or less by all engaged in teacking Algebra to beginners. It is, that while 
new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for tkis, the present seria of misceU 
laneous exercisa kas been prepared. Tkeir peculiarity consists in this, 
tkat though miscellaneous they are yet prograshfe, and may be used by 
the pupil almost from the commencement of kis studia. They are not 
intended to supersede tke systemeUically arranged examples to be found in 
ordinary treatises on Algebra, but rather to supplement them. 

The book being intended chiefiy for Schools and Junior Students, the 
higher parts of Algebra have not been included. 

Kitchener.— A GEOMETRICAL NOTE-BOOK, conUining 
Easy Problems in Geometrical Drawing preparatoiy to the Study 
of Geometiy. For the Use of Schools. By F. £. Xjtcuxneil, 
M. A.p Mathefliatical Master at Rugby. 4to. 2s. 
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ltisihi9iJ€ct0ftkisUokiBmaktt9m€waymmtr€mmim£tk€^fUm!tus 
tf Gmmdncml imuefimn^ h^wre tki mumd it ioDsi U the mttmek 0/ 
G^gmuiruml tkstrtmu. A ftm nrnfU wuUUds tf emutmttigm mre gwm ; 
mmd ipmu is i^ mt mdk /tgi, im snier tJ^ tki Uarmar muy drmm im tkt 



Morgan.— A COLLECTION OF PROBLEMS AND EXAM- 
PLES IN MATHEMATICS. With Auswoil ^ H. A. 
Mo&GAX, M.A., SariWiin And Mathfmaticil Lcctaxcr of Jcsot 
College; Cambfidj^e. Crown Svo. doth. 6/. 6^ 
This hook comlaint s mumUtr of prokUmu^ ekiefy dtMittUay^ im tki 
JJaiAtmahcal ndjtcts usually rmd mi Caimkridgt. They kmvo Som 
sdocUi from Uu papers sd duristg ImU ymn ai Jesus CoUt^ Very few 
of tkem are to he out tntA im other coUectious^ amd hy far the larger 
Musuher are due to soaoe of the woosi dftf i^'^Htxhtd hf^thtwtatieians in the 
University, 

Parkinson.— Works bj S. Pakkixsox, D.D., F.R.S., Fellow and 
Tutor of Sl John's CoUq^ Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. For the 
Us£ of the Junior Classes at the Univenity and the Higher Classes 
in Schools. With a Collection of Examples. Fourth edition, rerised. 
CrovkTi Svo. cloth. 91. dd 

In preparing afuirik edithn of this work the author has kept the saute 
cb;ect in xiew as he had in the former editions — namely^ to include in it 
suck pcrtions of Tkeontu'ol Afechanies as can he convtniently isezfestigaUd 
without the use cj ike Di^eretUial Calculus, and so render it suttahU as 
a manual for the junior classes in the University and the higher elassoe 
in Schools, IS^ith one or two short exceptions, the student is not presusnea 
to require a knowledge of any branches of Mathematics beyond the eUmenls 
cf Al^hra, Geometry, avid Tri^nomeiry, Sroeral additional propositions 
hjz'e been incorporated in the work for tke purpose 0/ rendering it more 
complete : and the collection of Examples and Problems has been largely 
increased, ^ 
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Parkinson (S.) — continued. 

A TREATISE ON OPTICS. Third Editioiiy revised and enlarged. 
Crown 8va doth. lo/. 6tL 

A cUUdUtt of ixampUs and ^robUms kas ban appeitdtd to this work^ 
which an tuJUinUly numerous and varud in eharaeUr to a ford useful 
exercise for the student. For the greater part of them^ recourse has been 
had to the Examination Papers sH in the University and the several 
Colleges during the last twatty years. 

Phear.— ELEMENTARY HYDROSTATICS. With Numcroui 
Examples. By J. B. Phiar, M.A., Fellow and late Assistant 
Tutor of Clare College^ Cambridge. Fourth Edition. Crown 
8to. doth. 5/. 6<£ 

TTkis edition has keen carefully revised throughout^ and many new 
illustrations and examples added, which it is hoped will increau its 
usrfulness to students at the Universities and in Schools. In accordance 
with suggestions from many engaged in tuition^ atuwers to all the 
Examples have been liven at the end of the booh. 

Pratt,— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt^ M.A., Ardideacon of Calcutta, Author of 
*' The Mathematical Prindplet of Mechanical Philosophy.** Third 
Edition. Crown 8to. doth. dr. 6d. 

The authof^s chief design in this treatise is to give an answer to the 
pusOon, ** lias the Earth acquired its present form from being origisuslly 
im a Huidstaitef* This Edition is a complete revision tf the former ones. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints ibr thdr 3olution ; especially designed for the 
Use cd Beginners. By G. H. PucxLi, M.A., Head Master of 
Windermere College. New E didoa, lerised and enlaiged. Crown 
Syo. doth. It. M 
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Tkit Vfork ii nc9mm€mded fy tJU SyndkaU 0f tJU Catmkridge 
Ex^minatiom^ mmdis tkiUxt'ho9k im Hanmtd Umiv^sity^ i/,S, 



Rawlinson,— ELEMENTARY STATICS, by the Rcr, Georci 
Rawunson, ^L A. Edited by the Rer, Edwa&o Stuhcxs, M. A., 
of Emmanuel CoUege, Cambridge, and late ProfcMor of the Applied 
Sciences, Elphinstone CoUej^e^ Bombay. Crown 8vo. doth. 4/. 6d, 

PMisktd under tki auiM^rity of Hit Majat/s Sicrdtuy ^ SUtU/tr 
India, for usi in tki Goutmmint ScMooU mnd CoUega im 



Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8va y. 6d. 

Somi ckangi, ii it evident^ in our Engliik ways ofUacking cam n^m no 
longer bt post^ned, and this littU book, mainly derived from Fremek and 
German iourea, kat ban wri/Un in tke kopi of faeiliiating ikat ekangt, 
Ii kat bten eonttrueied on one plan tkrougkaut, ikat of ahoaytgicimg im 
tke timplitt pottibU form tke direct proof from tke natun of tke can, Tke 
axiomi necessary to tkis timplicUy kave been assumed witkout ketitaiion, 
and no scruple kas been feli as to the increase ofikeir number, or tke 
accepianci of as many etemeniary notions as common experienee places 
past all doubt, 

Tke book dijfers most from established teacking in its constructiam^ and 
in its early application of Arithmetic to Geometry, 



Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlari^ed. 
Crown 8vo. doth. 14/. 
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In this edition thi auihcr has made uverai addUions ta ioch eht^Ur, 
Hi kas friid, even at thi rish oj some litUi repetition^ to mahe each 
ehapter^ as far as possible^ complete in itself so that ail that relates to any 
one part of the subject may be found in the same place. This arrangement 
vfUl enable every student to select his own order in which to read the 
subfect. The Exampla which wiU be Jound ai the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Collega in the last few years. 

Smith (Barnard).— Works by BARNARD SMITH, M.A., 
Rector of Glaston, Rutlandshire, Ute Fellow and Senior Bursar 
of Sl Peter's College, Cambrid^^e. 

ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion ; with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B.A. Degree. Tenth Edition. 
Crown 8vo. doth. lor. td. 

nis manual is now extensively used in Schools and Colleges^ both in 
England and in the Colonia. It has also been Jound of great service for 
students preparing for the Middle Class and Civil and Military Servue 
hxaminations^ from the care that has been tahen to elucidate the principles 
of all the ruUs, The present edition has been carefully revised '* To 
all those whose minds are sufficiently developed to comprehend the Simplest 
mathematical reasonings and who hatfe not yet thoroughly mastered the 
principles of Arithmetic and Algebra^ it is calculated to be o^ great 
advantaged* — ATHXNiCUM. 

Of this xoorh, also^ one of the highat possible attthoritietf the late Dean 
Poacochf writes: ^ Mr. Smith's worh is a most useful publication. The 
ruUs are stated with great clearness. The exampUs are well selected^ and 
worhod out with Just sufficient detail, without being encumbered by too 
wunute explattations ; and there prevails throughout it that Just proportion 
OJ theory and practia^ which is the crowning exeellenci rfan elementary 
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Smith (Barnard)— i9ii/£«Ma£ 

ARITHMETIC FOR SCHOOLS. New Edition. Ciowa 8m 
doth, d^ 6ti, 

AdmpUdfrpm Uu autkct^s W0rJt m "* AriikwutU amd A^iikra^** by tki 
0missi9m tf the alpbraU portmm^ amd by the UUrodueti&m •/ ntm aurdstt. 
Thi reoMM ffmck arUktnHieal ^rtetu u fuUy exAibiUtL The system •f 
Decimai Coinagt is ex^laimd ; mnd mtuwers U tki extrtisa mrt a/femdci 
mi the end. This Ariikmdk is characterised as ^adimrably adapted ftr 
instructiam^ C9mbiMiHg just suJSeietU theory with a large and toeil'-selMiei 
eeUecUoH ef exercises for pmctiee.**'~']o\JV!kAl^ OP EDUCATION. 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

{Pirtparini. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 
Edition. Crown 8yo. doth. 8#. 6d 

EXERCISES IN ARITHMETIC With Answers. Crown Smlimp 
doth. 2/. 6d 
Or sold separatdj, Part L I/. ; Part IL I/. ; Answen» &£ 

7*hae Exercises have been published in order to give the pupil axampia 
in et/ery rule of Arithmetic, The greater number have been carefully 
compiled from the latest University and School Examination Papers, 

SCHOOL CLASS-BOOK OF ARITHMETIC. l8mo. doth. ^ 
Or sold separately, Parts I. and IL xok^I eadi ; Part IIL I/. 

This manual^ published at the revest of many schoolmasters^ and 
chiefly intended for National and Elementary Schools^ has been prepared 
on the same plan as that adopted in the authof^s School Arithmetic, rvAich 
is in extensive circulation in England and abroad. The Afetrtcal Tables 
have been introduced, from the conviction on the part ef theauthot, that 
the knoiuledge of iuch tabla, and the mode of applying them^ will be oj 
^cat use to the rising generation, 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC Com- 
plete in one volume, iSmo. doth, ts,(kLi os Parts L IL and IIL 
2s. 6d, cadi. 
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Smith {BsirnkTd)'-€ffn/iftueJ4 

SIIILUNO BOOK OF AKITlIMETtC FOR NATIOJTAL AND 
ELEMENTARY SCHOOLS* iSmo. cloth. Or separate!/^ 
Part L a</* ; V*ri It yL % Part IIL id. Answers, (td, 

THE SAME| with Answers complete* f8ino« cloth* f/< 6</* 

Tkh Shilling Book tf Arilkmelic has been prepartd /(ff iki utt fi/ 
tfation^t and other schods at thi urgent request of numerous masters of 
tthoots both at homi and abroad* Thi Exptauathns oj the HuUSf atid 
the Exampia wiii^ ii is hoped^ bi found suited to the most eieminUtsy 
eituses* 

KEY TO SHILLING BOOK OF ARITHMETIC iSmo. doth. 
4/. (>d. 

EXAMINATION PAPERS IN ARITHMETIC. iSmo. cloth. 
I/. 6i/. llie same, with Answers, i8ma i/« ^ 
The ohfett of these Examination Papers is to test students both in the 
theory and praeture of Arithmetie* It is hoped thai the method adopted 
foiil lead students to deduce results from general principles rathir than 
to apply stated rules^ The author bdieva that thi praetiee of giving 
examples under particular rules makes the working of Ariihmitie quia 
nucLmical^ and tends to throw all but very clever beys off their bcUame 
whin a general paper an the subject is pui before them* 

KEY TO EXAMINATION PAPERS IN ARITHMETIC 
iSma doth. 4/. 6d, 

Smith Q. Brook).— ARITHMETIC IN THEORY AND 
PRACTICE, FOR ADVANCED PUPILS. By J. B&OOK 
SMrm, M.A. Part L Crown 8va y, 6d, 

Thi foBifaing pages farm thi first pasri of a T^aUiu on ArithmeOCf in 
which thi Author has endeavoured from very simpU principUs to explain^ 
in m fuB atsd saOsfactory manner^ all thi more importasti proasses in 
tkatiuijicL Thi proofi have in all casa bum £iviH im a form isUinly 
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arithmdieat^ and at the end pf every ehafder several exampln Aavfkmt 
workid out at Ungth, and the kest praetUat method of eperathn eeurefmUy 
pointed out. 

Snowball.— THE elements of plane and SPHEX^T' 

CAL TRIGONOMETRY; with the Construction and Use of 

Tables of Logarithms. By J. C Snowball, M«A« Tenth Edidoiu 

Crown 8vo. doth. 7/. &/« 

In preparing the present edition for the presSf the text hoe hoen 

tubjeeted to a eareful revision ; the proofs of som£ of the more impor* 

tant propositions have been rendered tnore strict and general; euod m 

considerable addition of more than two hundred exeunpUs^ tahem priMci^ 

pally from the quations set of late years in the public examinatiotu of tJU 

University and of individual Colleges^ hat been made to thg roHeetiom of 

Examples and Problems for practice, 

Tait and Steele— a treatise on dynamics of a 

PARTICLE. With numerous Examples. B7 Profeuor Tait asui 
Mr. Steele. New Edition Enlarged. Crown Svou cloth, xoc 6^ 



In this treatise will be found all the ordincury proposttiont^ 
with the Dynamics of Particles^ which can be conveniently deduced witkaug 
the use of U^Alembert^s Principle, Throughout the bock wiH be found a. 
number of illustrative examples introdtued in the text, and for the masf 
part completely worked out; others with occasional solutions or hin£r to 
assist the student are appended to each chapter. For by far tkr greater 
portion of these, the Cambridge SenatC'I/ouse and College SxasHmatsam 
Papers have been applied to. 

Taylor.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with nomeroos Examples.. By C» Tatlos^ 
B. A., Scholar of St John's College^ Cambridge. Crown Svo.. g^^^h. 
^s.6d. 

This work contains elementary proof s of the principal properti^a of 
Sections, together with chapters on Projection and Anhtirmonsc Rulia*, 
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Tcbay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With namerous Examples. By Septimus Tbbay, B.A., Head 
Master of Queen Elizabeth's Grammar School^ Rivington. Extra 
fcapii 8yo. 3/. dtL 

The oiject of the praeni work is to enaUe hoys to acquire a moderate 
knrjfledge of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. Tke exam/les for the most part are easy, and 
the rules are concise, 

Todhunter.— Works by L TODHUNTER, M.A., F.R.S., 
of SL John's College, Cambridge. 

THE ELEMENTS OF EUCLID. For the Use of Colleges and 
Schools. New Edition. i8mo. cloth. 3/. 6d, 
As the elements of Euclid are usually placed in the hands of young 
students^ a it important to exhibit the worh in such a form as will assist 
them in overcoming the difficuliia which they experience on their first in* 
traduction toprocases of continuous argument. No method appears to be 
so useful as that of breaking up the demonstrations into their constituent 
parts ; a plan strongly recommended by Professor De Morgan, In the 
present Edition each distinct assertion in the argument begins a new line : 
and at the ends of the Una are placed the necessary rrferenca to the 
preceding principles on which the assertions depend. The longer proposi" 
tions are distributed into subordincUe parts^ which are distinguished by 
breaks at the beginning of the Hues, Notes^ appendix, and a colUction 0/ 
estercises are added. 



MENSURATION FOR BEGINNERS. With Numerous Examph 
iSroa doth. 2/. fid. 
The subjects isubtdod in the present worh are those which have usually 
found a place in Elementary Treatisa on Mensuration, The mode of 
treatment has been determined by the fact that the worh is intended for the 
uu ef beginners. Accordingly it is divided into short independent chapters^ 
which are followed by appropriate examples, A knowledge ef the elements 
of Arithmetic is all that is assumed; and in connexion with most of the 
Rules of Mensuration it has been found practicable to give such explana^ 
tions astd illustrations as will sufplv the plate of formal m a th ema ti c al 
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Todhunter {JL.)—coniinued. 

demomtraiiont, which would have Unt ummiiaUe U the character rf iJU 
worh, 

ALGEBRA FOR BEGINNERS. With nnmeroot Examples. New 
Edition. i8mo. doth. 2/. 6d, 
Great pains have been taken to render this work intelligihli to young 
students, by the use of simple language and by copious explanations, Jn 
determining the subjects to be included and the space to be assignod to etuk, 
the Author has been guided by the papers given at the various exeunincUwnj 
in elementary Algebra which are now carried on in this country, Tko 
book may be said to consist of three parts. The first part contains tko 
elementary operatiom in integral and fractional expressions; tko socomJ 
the solution of equations and problems; the third treats of various subjects 
which are introduced but rarely into examination papers, and are mearo 
briefly discussed. Provision has at the same time ban wuuU for tko 
introduction of easy equations and problems at an early stage^-f or those 
who prefer such a course, 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8va dotlw 

6/. 6</. 
TRIGONOMETRY FOR BEGINNERS. With nnmeroui Examples. 

New Edition. i8mo. doth, is, (J. 
Itttcnded to serve as an introduction to the larger treatise on Piano 
Trigonometry, published by tlie Author, The same plan has been adopts 
as in the Algebra for Beginners : the subject is discussed in short chapters^ 
and a collection of examples is attached to each chapter. 77u first fourteen 
chapters present the geometrical part of Plane Trigonometry; and contain 
all that is fucasary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri* 
gofiometry whi^h are now ca rricd on in the country, A nswers are appendtd 
at the end, 

MECHANICS FOR BEGINNERS. With numerous Examples. 
Second Edition. iSmo. doth. 4/. 6(/. 
Intended as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrative mechanics. It may be true tkat 
this part of mixed mathematics has been sometimes made too abstract and 
speculative; but it cem hardly be doubted tkat a knowledge ef the elemtents 
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Todhunter {l.y^coniinued. 

mi Isasi of thi th»ty §f thi subject it exiremdy valuabU even fcr those 
who an mainfy ccneemsJ vnth practical remits. The Author has eueord* 
ingly endeavoured to prmride a suitable introduction to the study of applied 
as well as of theoretical mechanics. The worh consists of two parts, 
namely. Statics and Dynamics. It will be found to conlain all that is 
usually comprised in elementary treatises on Mechanics, together with some 
addiiions. 

ALGEBRA. For the Use of Colleges and Schools. Fifth Edition. 
Crown 8yo. clotK 7/. 6</. 
This work contains all the propositions which are usually included in 
elementary treatises on Algebra, and a latge number ef Examples for 
Exercise. The author has sought to render the worh easily intelligible to 
students, without impairing the Accuracy of the demonstrations, or con* 
tracting the limits of the subject. The Examples, about Sixteen hundred 
and fifty in number, have been sttectedwith a view to illustrate every part 
of the subject Each chapter is comply in itself; and the worh will be 
found peculiarly adapted to the wants of students who are without the aid 
of a teacher^ The Answers to the examples, with hints for the solution of 
some in which assistance may be needed, eu^e given at the end of the booh. 
In the present edition two New Chapters and Three hundred miscellaneous 
Examples have been added. The latter are arranged im sets, each set 
containing ten examples. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown 8vo. lor. 6d. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. Second Edition, revised. Crown 8va doth. 

7J. 6^ 
This treatise contains all the propositiovu which are usually included 
in demcntary treatises on the theory of Equations, together with Examples 
for exerdu These heme been selected from the College and University 
Examination'- Papers, and the resuUs have been given when it appeared 
necessary. In order to exhibit a comprehensive view of the subject, the 
treatise includa investigations which are not found in all the preceding 
elementary treaiisa, and also some investigations which are not to be found 
im ss^f^ of them* For the second e dit io n the worh has been revised atid 
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Todhunter (l.)—coiilhtued, 

itmu aiJitifMt AaiV tttH madt, thi mnl imfortanl i/tHjf am aec»iml oj 
flu rtutrthi* ^ Prafriiti Syhutir r/rftrliiii Netuttiii A'llt. 
PLANE TRlr,ONOMETRV. For School* Mid Collegea. FoortX 
EdiliuiL Crown 8ro. cloth, j/, 

Tht iaign »/ lUi nvri hat lf,-a la rmdtr thi ttthjitt inlfllipbU la 
ttfinii/ri, mid al thi lamt lime la a^ard lit tludfiil Iht epporluHily sf 
Mailing all At infrnaalinn wiifA At will rtgnin an Ikit hrantk if 
Malhtaalki. Eaih rAafltr ii fellmtHil fy a itl «/ Exam f la : fJua 
viifii trtttUillfd Misceli-ineous Fxnmples, Isgetittr ■ioith a fiv in ivmt 
»/ iXt cUur tilt, may bi adtranlagtfusly ratrvid by Ike slttdinl fir exrran 
mfltr it km maJt temt fru^rvi in lit luf-jat. In lie Steand EJitum 
lit Unit for Iht lelHlitH a/lhi Bxamfltt havtbfen unsidtrably atertated. 
A TREATISE ON SPlIERrCAL TRIGONOMETRY. Second 
Edition, enlarged. Crown Sva cluth. 4/. fid. 

Tit framt v/ark it tanilruclid an lit lamt flan <u tkt trtaUa am 
/iaiu TrigBiiamtlry, la itiiek it it mliuJed at a ia/tuL In tie aaauut 
y Na/itt't Unlet af Cireular Partt, an txpLiiuilinn ktu ban ^piwn af ■ 
mtlAad aj frto/ drvited by Xaf'ier, tnkL-A teems to ktive been aserlaakiJ 
by maJ madem viriltrt an Ike tuljf.-t. Considerable libour hj^t beat 
ittlini/ an lie lexl in erJer U render it ijmprei':etuizt aiul atctrate, aad 
tit Eiamfla {teleeled ekielly /nm Calient EiaminilioH Btptrs) A,ivi 
ail beta tartly verified. 

•BU^^^ CO-ORDINATE GEOMETRV, as jppiied to the Sirai-l.t 
Line and the Conic Sections. \Vi:h n-jmeroua Examples. Foui Ui 
Edition, revised and enlarged. Crown Sva doth. ^l. dd. 

Tie Atdktr kat ktrt endcr^aurai la txkibu lit saAjetl in a limple 
wtanneffar ike benefit of be^'trurt^ and at Ike tame time la ineludt in ane 
nalumt all lAcC ttudenit usuaUy reijuire. In aduilioa, therefort, la Iht 
frafatSietu v^Aiek kevt iihicys apparei in stuk Irealtttt, At Aeu intrv. 
dnttd At mtlhadi af abridged notation, ■siiiiei an ef mart rteail arigiii ; 
title PHtitdt, vrkiek art (fa teit lUnientary ckjrailer tJian tie rttt aj !ht 
nrri, irtflatedi h tepataU eh^iplert, and mjy be amtlled ty tat tttuitnl 
mtjirit. 
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Todhunter (L) — continuea. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
namerous Examples. Fourth Edition. Crown 8yo. cloth. lor. (ui, 

Thi Author has endeavoured in the truent toorh to exhihit a eompre* 
henswe view of the Differential Calculus on the method of limits. In the 
more dementary portions he has entered into considerable detail in the 
explanations^ with the hope that a reader who is without the assistance of a 
tutor may he enabled to acquire a competent acquaintance with the subject. 
The method adopted is that of Differential Coefficiettts, To the different 
chapters are appended exampla sufficiently numerous to render another 
booh unnecessary ; these exampUs being mostly selected from College Ex» 
amination Papers, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged* Crown 8va cloth« lor. (>d. 

This is designed as a worh at once elementary and complete^ adapted 
for the use of beginners^ and sufficient for the wattts <f advanced students. 
In the selection of the propositions^ and in the mode of establishtn^ them, 
it has been sought to exhibit the principles clearly, and to illustrate 
eUl their most important results. The process of summation has been 
repeatedly brought forward, with the view of securing the attention oj 
the student to the notions which form the true fouttdation of the Calculus 
itself, as well as of its most valuable applications^ Every attempt has been 
made to explain those difficulties which usually perplex beginners, especially 
with reference to the limits of integrations, A new method has been adopted 
in regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of VarieUions, A large collection of exercises, 
sefectedfrom College Examietation Papers, has been appended to the several 
chapters, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown 8vi». dotU 4/. 
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Todhunter f^^^-^oniinued. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enk^ged. Crown 8to. 
doth. lor. M 

In this w$rk pm timiUs (trtating of the laws of tht tquilihrium o/hcdus) 
wili kifmnd all tki ^positiom which usually appear in trtatists on 
Tkiortticml Sialics, To the different chapters examples are appended^ 
wkiek have heem principally selected from University Examination Papers. 
Im tki Third Edition many additions have heen made, in order to illue* 
trait the application of the principla of the subject to the solutian of 



Wilson (J, M.)— ELEMENTARY GEOMETRY. Angles, 
FsraUels, Triangles, Equivalent Figures, the Circle, and Propor* 
tion. B]r J. M. Wilson, M.A., Fellow of Sl John's Collc|;:e, 
Cambridge, and Mathematical Master in Rugby SchooL Second 
Edition. Extra fcap. 8vo. y, 6d, 

The distinctive features of this work are intended to be the following. 
The clcusification of Theorems according to their subjects ; the separation 
of Theorems and Problems ; the use of hypotlutical constructions ; the 
adoption of ituUpcndent proofs where they are possible and simple ; the 
introduction of tlu terms locus, projection, &c. ; the importance given to 
the notion of direction as the property of a straight litu ; the intermixing 
of exercises^ classified according to the methods adopted for their solution ; 
the diminution of the number of Theorems ; the compression of proofs, 
especially in the Liter parts of the book ; the tacit, instead of the explicit, 
referetue to axioms ; and the treatment of parallels. 



ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Wilson, M.A Extra fcap. 
Kto. a/. 6d. 

C 1 
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Wilson (W. P.)— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College^ Belfast 8vo. 

Wolstenholme.— A BOOK or mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstbnholme, Fellow of Christ's College, some- 
time Fellow of St John's College, and lately Lecturer in Mathe* 
matics at Christ's College. Crown 8va doth. %i, 6d, 

Contents:— (7W/vfWr^ (Euclid) — Algtbra — Plam Trigonomdry'^ 
Cmmdrual C§nU Siriwrn-^AnalyiUal Conic SecHoni — Theory pf Equa* 
ihnt^DifferitUial CaUuUu^Integral Calculut—Sotid Gcomctry^Statics 
^^EUmefUtuy Dynamics— Newton^ Dymumict 9/ a PoifU-^Dynamict of 
a Rigid Body^^HydrostatiO'^Owmcirical O/hO'^^kmcal Trigonometry 
mmd Plani Atironomy, 
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SCIENCE. 

ELEMENTARY CLASS-BOOKS. 

Thi importance of Science as an element of sound educa- 
don is now generally acknowledged ; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementaxy information, conveyed in clear 
and ludd English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of eacL Others 
are in active preparation ; and the whole will constitute a 
standard series specially adapted to the requirements of be* 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With lUustratioDa. By G. B. 
Airy, Astronomer Royal. Sixth and cheaper Edition. iSmo. 
doth. 4/. td. 

This work consists of six lectura^ which cart intended ** t9 txpiain Jb 
iutcUigent persons the principles on which the instruments of an Oiserva" 
iosy mre constructed [omitting aU details^ so far as th^ are mer^ sub^ 
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Elementary Class-Books — continued. 

tidtafy), and the pHndpia §n wAick tki 9bservaHofU made with thai 
imstruments an treated fir deduetien 0/ the distances and weights 0/ the 
Mies of thi Solar System^ and 0/ a few stars, omitting all mintUia of 
formuUe^ and ail troublesome details of calculation, '* The speciality of this 
volume is ihe direct reference of every step to the Observatory^ and thefuU 
detcriptioH of the methods and instruments of observation, 

ASTRONOMY. 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram ot the Spectra of the San, 
Stars, and Nebulae^ and numerous Illustrations. By J. Norman 
LoCKYER, F.R.S. Seventh Thousand. iSmo. 5/. 6</. 

The author has here aimed to give a connected view of the whole subject, 
and to supply facts, and ideas founded on the facts, to serve as a basis for 
subsequent study and discussion. The chapters treat of the Stars and 
Nebula; the Sums the Solar System; Apparent Movements of the Heavenly 
Bodies; the Measurement of Time; Light; the Telescope and Spectroscope; 
Apparent Piaca of the Heavenly Bodies; the Real Distances and Dimen* 
tions; Universal Gravitation, The most recent astronomical discoveria 
are incorporated, Mr, Lockyer^s work supplements that of the Astronomer 
Royal mentioned in the previous afiicle, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS 
IN ASTRONOMY. For the use of Schools. By John Forbes- 
Robertson. i8ma doth limp, is, (UL 



PHYSIOLOGY. 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous lUustraUons. By T. H. 
Huzixr, F.R.S. Professor of Natural History in the Royal School 
of Mines. Sixteenth Thousand. i8mo. doth. 4r. (Ul 
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Elementary Class-Books — toniinuoL 

This book discribes and explains^ in a series of graduated Ussons, th4 
principles of Human Physiology ; or the Sinuture and Functions of the 
Human Body, The Urst lesson supplies a general tnew of the subject. 
This is followed by sectiofu on the Vascular or Feinous System, and the 
Circulation ; the Blood aful the Lymph ; Respiration ; Sources of Lass 
and of Gain to the Blood; the Function of Alimentation ; Motion eind 
Locomotion: Scnsatiotu and Sensory Organs; the Organ of Sight ; iJu 
Coalescence of Sensations with one another and with other States of Con* 
sciousness : the Nervous System and Innervation; Histology, or tko 
Minute Structure of the Tissues, A Table of Anatomical and Physio^ 
logical Constants it appended. The lessons are fuUy illustrated by 
numerous engravings. The manned is primarily intended to serve as m 
text'boohfor teachers and leeumers in boy/ and girls* schools. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. iSmo. is. 6d. 

Thae Quations wen aravm up ift aids to the instruction of a clau o 
young people in Physiology. 



BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred lUustrations. Tenth 
Thousand. iSmo. cloth. 41. (>d. 

This book is designed to teach the Elements 0/ Botany on Professor 
Henslou/s plan of selected Types and by the use of Schedula. The earlier 
chapters, embracing the elements of Structural and Physiological Botany^ 
introduce us to the methodical study of the Ordinal Types, The com* 
eluding chapters are etttitled, ** Haw to dry Plants** and ^^ How to 
describe Plants** A valuable Glossary is appended to the volume. Jn 
the preparation of this work free use has been made 4/* the mcumseripi 
materials of the late Professor Hcnslow. 
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Elementary Class-Books — coniinued. 
CHEMISTRY. 

PROFESSOR ROSCOE'S LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By Henry 
E. RoscoB, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho. oi 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
Nng Edition, Twenty -sixth Thousand. i8roo. doth. 4/. dd. 

It h(u been thi endeavour of the author to arrange the most important 
faets and principlet of Modern Chemistry in a plain but eoneise and 
teientifie form, suited to the present requiremettts of elementary itutruetion, 
for the purpose o/ facilitating the attainment ofexaetitude in thehnowledge 
of the subject, a series of exercises and questions upon the lessons have been 
etdded^ The metric system of weights and measures, and the centigrade 
thcrmometric scale, are used throughout the worh. The new Edition, 
besides new wood-cuts, contains many additions and improvements, and 
includes the most important of tht latest discoveries, 

POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By Milucxnt 
G. Fawgett. i8mo. 2/. (nl. 

The following pages have been written mainly with the hope that a short 
and elementary booh might help to mahe Politieed Economy a nutre popular 
study in boy/ and girl/ schools. In order to adapt the booh especially for 
school use, questions have been added at the end of each chapter, 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive; with copious Questions and Examples, and a Vocabulaxy oi 
Logical Terms. By W. Stanley Jevons, M.A., Professor oi 
Lpgic in Owens College, Manchester. i8ma y, 6d, 
/n preparing these Lessons the author has attempted to show that Logic, 
even in its traditional form, can be made a highly useful subject of study, 
and a powerful means of mcfital exercise. With this view ho heu avoided 
the sue of superfluous techniced terms, and has ^stained from entering 
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CUALS FOR STUDENTS, 



Flower W. H. — ax DrTRODJCTIOX TO THE OSTE- 
CLCOY CF TK£ >IAM>:.\L:a. 5c=c -^ »bKaace of 
M Ccur« cc" LecTiia c^^i^rcc a: tic RcTal CoZcge of S^zx^scocs 
cf Earjzc =1 :S?aL By W. K. Flowxjl, F.R.S, F.lLC.S-» 
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a it i m^ atsiUi in a scwiHfie ir§aiisi h avoid tht empioymmt of tahnical 
termt^ ii hat been tMi auihot^s endeavour to use no more than aisoluteiy 
necessary f and to exercise due care in selecting ofdy those that seem most 
ap^priate, or which have received the samtion of general adoption. With 
a very few exceptions the illustrations have been drawn expressly for this 
vtorhfrom specimens in the Museum of the Royal College of Surgeons, 



Hooker (Dr.)— the STUDENTS FLORA OF THE 
BRITISH ISLANDS. By J. D. Hooker, C.B., F.R.S., 
M.D., D.CL., Director of the Royal Gardens, Kew. Globe 
Sra lor. 6</. 

The object of thu worh is to supply students and /eld-botanists vnth a 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at gtving. The Ordinal^ Generic^ and Specific 
characters have been re-writtcfi^ and are to a great extent original^ and 
drawn from living or dried specimens^ or both. 



Oliver (Professor).— FIRST BOOK OF INDIAN BOTANY. 
By Daniel Oliver, F.R.S., F.L.S., Keqper of the Herbarium 
and Library of the Royal Gardens, Kew, and Professor of Botany 
in University College, London. With numerous Illustrations. 
Extra fcap. 8vo. . 6/. 6d. 

This manual is, in substance, the author's "Lessons in Elementary 
Botany^ adapted for use in India. In preparing it he has had in view 
the want, often fdt, of some handy risuml of Indian Botany, which might 
be serviceable not only to residents of India, but also to any one about to 
proceed thither^ desirous rf getting some preliminary idea of the Botany oj 

Other voluma rf these Manuals will follow. 
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Cooke (Josiah P., Jun.)— FIRST principles of 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun^ 
Ervine Professor of Chemistry and Mineralogy in Harvard CoU^;e. 
Crown Svo, I2s. 



The object of the author in this booh is to present the philosophy of 
Chemistry i$t such a form that it can be made with profit the subject of 
College recitations^ and furnish the teacher with the means of testing the 
students faithfulness and ahility. With this view the subieet has bsen 
developed in a logical order^ and the principles of the science are taught 
indeUndently of the experimental euidefue on which they rest. 



Johnson (S, W., M.A.)— HOW CROPS GROW: A 
Treatise on the Chemical Composition, Structure, and Life of the 
Plant, for Agricultural Students. By S. W. Johnson, M.A., 
Professor of Analytical and Agricultural Chemistry in Yale College 
With Illustrations and Tables of Analyses. Revised, with Nume* 
rous Additions, and adapted for English use by A. H. Chui^ch, 
M.A. and W. T. Dyer, B.A., Professors at the Royal Agricultural 
College, Cirencester. Crown 8vo. &f. 6d, 

In order that this book may be complete in itself so far as its special scope 
is cofuerftedf not only have the rudimettts of Chemistry and structural 
Botany been introduced^ but a series of Experiments has been dacribcd^ by 
which the studettt, who has access to chemical apparatus and tests^ may 
become conversant with the most salient properties of the elements^ and of 
those 0/ their chitf natural compoufids^ which constitute the food or the 
materials of plants. 

It has also been attempted to adapt the work inform and contents to the 
wants of the class-room by a strictly systematic arrcMgement of topics^ and 
by division of the matter into convenient paragraphs. 
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RoSCOe (H. E.)— SPECTRUM ANALYSIS. Six Lecturci, 
with Appendices, Engravings, Maps, and Chromolithographs. 
By H. E. RoscoB, F.R.S., Professor of Chemistry in Oweni 
College, Manchester. Royal 8vo. aiA 

A Second Ediiion of these popular Lectures^ eontaimng ail the most 
recent disceveria and several additional Illustrations, 

" The lectura themselves furnish a most admirable elementary treatise 
on the subject^ whilst fy the insertion in appendices to each lecture df 
extracts from the most important published memoirs^ the author has 
rendered it equally valuable as a text booh for advanced students J* — 
Westminster Review. 

Thorpe (T. E.)— a series of chemical problems, 

for use in Colleges and Schools. Adapted for the preparation of 
Students for the Government, Science, and Society of Arts Exa- 
minations. With a Preface by Professor RoscoE. i8mo. 
doth. I/. 

In the Prtface Dr, Roscoe says-^** My experience has led me to feel more 
and more strongly that by no method can accuracy in a hnowUdge of 
chemistry be more surely secured than by attention to the vtorking of well- 
shifted problems^ and Dr, Thorpes thorough acquaintance vnth the wants 
of the student is a sufficient guarantee that this selection has been casrrfully 
made. litdend largely to use these questions in my own classa, and I can 
eonfidentlf recommend them to all teachers and students of the science, " 

Wurtx.— A HISTORY OF CHEMICAL THEORY, from (he 
Age of Lavoisier down to the present time. By Ad. Wurtz* 
Translated by Henry Watts, F.R.S. Crown 8vo. 6r. 
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Abbott.*— A SHAKESPEARIAN GRAMMAR. An Attempt to 
illustrate lome of the DifTerences between Elixabethan and Modern 
English. By the Rev. £. A. Abbott, M. A^ Head Master of the 
City of London School For the Use of Schoola^ New and En- 
larged Edition. Extra fcap. 8yo. df. 

Tlu objict of this work is to furnish shtdtnts of ShaJuspmn and Bacou 
with a short systematie account of sonu paints of dtffemut between Eiiaa" 
hethan syntax and our own, A section on Prosody is added^ and Natos 
and Questions, 

The success which has attended the First and Second Editions of tJko 
"Shakespearian Grammar," and the demand for a Third Edition 
within a year of the publication of the Firsts has encouraged the Author to 
endeavour to make the work somewhat more useful^ and to render it^ as 
far as possible^ a complete book of reference for all difficulties of Shakespear* 
ian syntax or prosody. For this purpose the whole of Shakespeare has 
been re-read, and an attempt hcu been made to include within this Edition 
the explanation of every idiomatic difficulty {where the text is not con* 
fasedly corrupt) that comes within the province of a grammar eu distinct 
from a glossary. 

The grecU object being to make a useful book of reference for students^ 
and especially for classes in schools, severed Plays have been indexed so 
fidly that with the aid of a glossary and historical notes the r^erences will 
serve jor a cot. plete commentary. 
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ATLAS OF EUROPE. GLOBE EDITION. Unifonn in size 
with MacmilWi Globe Sericsi containin^^ 45 Coloured Maps, on 
a unifonn scale and projection t with Plans of London and Paris, 
and a copious Index. Strongly bound in balf-morocoo, with flexible 
back, 91. 

This Ailas ineluda ail the coutUrUs oj Europe tn a series of 48 Afaps^ 
drawn on the same scale^ with an Alphabetieal Index to the situation of 
more than ten thousand ptaea ; atul the relation of the various maps and 
eouftiries to eaeh other is defined in a general JCey^map, The identity oJ 
teali in all the maps facilitata the comparison of extent and distance^ and 
conveys a Just impression 0/ the magnitude of dijferent countries. The 
tiu sufica to show the provincial divisions^ the railways and main roads ^ 
thi prituipal rivers and mountain ranga, ** This Atlas^* writes the 
British Quarterly, " will be an invaluable boon for the school^ the desh^ or 
the travellei^s portmattteau,*^ 

Bates & Lockyer.— A CLASS-BOOK OF GEOGRAPHY. 
Adapted to the recent Programme of the Royal Geographical 
Society. By II. W. Bates, Assistant Secretary to the Royal 
Geographical Society, and J. N. LOCKYXX, F.R.A.S. 

[In the Press, 

CAMEOS FROM ENGUSH HISTORY. From RoUo to Edward 
II. By the Author of *<Tbe Heir of Reddyfle." Extra fcap. 
8va Second Edition, enlarged. 5/. 

A Second Series nearly ready. 

The endeavour has not been to chronicle facts, but to Put together a seria 
of pictura of persons and events, so as to arrat the attention, aful give 
some individuality and distinctness to the recollection, by gathering together 
details cU the most memorahle moments. The " Cameos** are intended as 
a booh for young people iust beyond the elementary historia of En^nd, 
and able to enter in some degree into the real spirit of events, and to be 
strueh with characters and scena presented in some relief " Instead oj 
dry deteuls,** says the Nonconformist, **we have Itving pietura, faithful^ 
vwidf and sinking,^* 
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Delamotte.—A BEGINNER'S DRAWING BOOK. By P. H. 
Delamottx, F.S.A. Progressively arranged, with upwards of 
FiAy Plates. Crown 8va Stiff covers. 2/. (hL 

This work is inUndtd to give such instruction to Banners in Drawing, 
and toj^ace before them copies so easy, that they may not find any ohstacU 
in making the first step. Thenceforward the lessons an gradually 

. progressive. Mechanical improvements too have lent their aid, Th^tohaU 
of the Plata have Uen engraved by a new procas, by means of which a 

, varying depth of tone — up to the present time the distinguishing chasrmiier* 
istic ofpeitcil drawing — has been imparted to woodcuts, 

D'Oursy and Fcillct.— a FRENCH grammar at 

SIGHT, on an entirely new method. By A. D'Oursy and 
A. Feillet. Especially adapted for Pupils preparing for Exa- 
mination. Fcap. 8vo. cloth extra. 2s, 6d, 

The method followed in this volume consists in presenting the grammusr 
as much as possible by synoptical tables, which, strikittg the eye at once, and 
following throughout the same order — " used — ^not used ; " " changes — 
does not change " — are easily remembered. The parsing tables will enabU 
the pupil to parse easily from the beginning. The exercises consist 0/ 
translations from Frettch into English, and from English into French ; 
and of a number oj grammatical questions, 

EUROPEAN HISTORY. Narrated in a Series of HUlorical Selec- 
tions from the Best Authorities. Edited and arranged by £. M. 
Sewell and C. M. Yonge. First Series, crown 8vo. dr. 
Second Series, 10S8— 1228. Crown 8va .6/. 

When young children have acquired the outlines of History from abridg- 
ments and catechisms, and it becomes desirable to give a more enlarged 
view of the subject, in order to render it really useful and ifiteresting, a 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of Jacts, such as Russets 
Modern Europe, or to choose some work treating of a particulctr period or 
subject^ such as the works of Macaulay and Froudi, The former course 
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Msttalfy nmUrs history uninierating ; the latter is unsatisfaettry^ because 
ii is not sufficiently eomprehensive. To remedy this difficulty selections^ 
continuous and chronological^ have, in the present volume, been taken from 
thi larger works of Freeman, MUman, Palgrave, and others^ which may 
serve as distinct landmarks of historical reading, " We knew of scarcely 
mnything,^ says the Guard uin, of this volume, *' which is so likely to raise 
U a higher level the average standard of English education,** 

Freeman (Edward A.)— old- ENGLISH history. 

By Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. With Five Coloured Maps. New Edition. 
Extra fcap. Sva half-bound. ^. 

** Its object is to show that clear, acatrate, and scientific views of history, 
#r indeed of any subject, may be easily given to children from the xtery first, 
• • • • Ihatpe, /hope, shoron that it is perfectly easy to teach children, 
from the very first, to distinguish true history alike from legend andjrom 
wilful invention, and also to understand the nature of historiced authori* 
ties and to weigh one statement against another, . . . I have throughout 
striven to connect the history of England with the general history oj 
ettnUMed Europe, and I have especially tried to make the book serve as an 
isteeniive to a more accurate study of historical geography, **— •Prefacx. 

Helfenstein (James).— a COMPARATIVE grammar 

OF THE TEUTONIC LANGUAGES. Being at the same 
time a Historical Grammar of the English Language, and comprising 
Gothic, Anglo-Saxon, Early English, Modem English, Icelandic 
(Old Norse), Danish, Swedish, Old High German, Middle High 
German, Modem German, Old Saxon, Old Frisian, and Dutch. 
By Jambs Helfenstein, Ph.D. 8vo. iZs, 

This work traca tke different stages of devdopmeni through which 
the various Teulonic languages have pcused, and thf laws which have 
regulated their growth. The reader is thus enabled to study the rdatton 
which these languaga bear to one another, and to the English languc^ in 
particular, to which tpecial attention is devoted throughout. In the 
ehapten om Ancient and Middle Teutonic languages no grammatical jorm 
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M'Cosh (Rev. Principal).— THE LAWS OF DISCUR- 

SIVE THOUGHT. Being a Text-Book of ForauJ Logic By 
Jambs M'Cosh, D.D., LL.D. 8vo. 5/. 
in ikis trmHse the Notion (with the Term and ttu Rtiai'wn of Thmghi 
to Language^) will be found to occupy a larger relative place than in any 
logical work written since the time 0/ the famous ** Art of Thinking,^ 

Oppen.— FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modern Authors 
in Prose and Verse ; and copious Notes, chiefly EtymologicaL By 
Edward A. Oppkn. Fcap. 8vo. cloth. 4/. td. 

This is a Selection from the bat modem authors of France, Its dis* 
Hncthfe feature consists in its etymological nota^ connecting French wiih 
the classical and modern languages^ including the Celtic, This subject 
has hitherto been little discussed even by the bat^educated teachers, 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools and General Readers. By the Author of ''The Heir 
of Reddyfle." i8mo. doth. 

A record of some of the good and great deeds of all time, aMdgod from 
ihi larger work of the scum author in the Golden Treasury Series, 

Sonnenschein and Meiklejohn. — THE ENGLISH 

. METHOD OF TEACHING TO READ. By A. SoNNiNSCHXiif 
and J. M. D. Msikli^ohn, M. A. Fcap. 8va 

COMPRISINa 

\ Thb Nursery Book, containing all the Two-Letter Words in the 
Language, id, 
Thb First Course, consisting of Short Vowels with Single 

Consonants. 3^ 
Thb Second Course, with Combinations and Bridges, eon* 
sisting of Short Vowels with Double Consonants. ^ 
\ Thb Third and Fourth Courses, consisting of Long 
Vowels^ and all the Double Voweb in the Language. 6di 
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ASeriatf Bmh m wkidk mm mUampiu wiodt U flmu tke ^rmegu 
imrmmg U rmd Et^tiik mm a samtifu ktsis. This kms Uem Jmmt ky 
Mfmrmiimi th£ fnficdj r^mlmr pmrU t/ ik£ Immgm^ firmm ti€ irrtgmlar^ 
ky giaimi tk€ rtfmUr pmrU * tie tmrmtr im ike exma §rd£r mf tkar 






Vanghan (C. M.) — a SHILLING BOOK OF WORDS 
FROM THE POET& By C M. Vauchax. iSdiou doth. 



nhmihemfiUtfJmitymrttkMitkickUdremmfmirpmneJdalsck^tU^ 
tk»st dmsMO ^ mtr tmrntrywum wkkk iluy cmmumtmlj reprttaU^ art 
€mfmUt 9f homg imiiraUd^ mmd tker^imrt kmt/iUi mU^ hy somutkimg kicker 
imtkettmU^fmakal cmmpmtimtkmm tUti hnrf amd smmgmkai ^maiU 
frmgmumts Uwkirk tkar kmmmUigtwms fmrwuHy ratricUd Amattampt 

U smppfy iJU want hy finmimi a uUdwm mi mmct 

Atmgkt^ mmd immtifiti im ijcfrusimm. 



Thring. — Works bjr Edwau) Th&ung, 3bLA., Head Master o 




THE ELEMENTS OF GRAMMAR TAUGHT IN ENGUSII. 

vith Qxiesdons. Fourth Edidon. iSxna 2/. 

TaIs /i!££> swi XX ckiffly inUndedfar tsar hers and leamtrs. It took its 
rite /rem ^ui^stiffun^ in Xatiomal ScAoois, and tJU wkoU of tki first part 
is wur£y tkt -wriiiH^ out in orda the answers to questions which have been 
used already vrUh success, A chapter on Learning Language it especinliy 
&•: dressed to teachers, 

aTiE CHILD'S GRAMMAR Being the Substance of •'The 
Elcmenu of Grammar taught in English," adapted for the Use of 
Junior Ga^v^ A New Edition. iSmo. u. 

D 2 
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SCHOOL SONGS. A Collection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. E. Thri.vg 
and IL Kiccius. Folio. 7/. 61/. 

TAar is a Undettcy in sckoois to stereotypi thi forms of lift. Any genial 
solvent is valuable. Games do much ; but games do not penetrate to 
domestic life^ and are much limited by age. Music supplies the want, 
7he collection includes the ** Agnus Dei^" Tennyson* s ** Light Brigade,** 
Atacaula/s " Ivry^** 6*r. among other pieca. 

Trench (Archbishop).— household BOOK OF ENG- 
LISH POETRY. Selectetl and Arranged, tirilh Notes, by 
R. C Trench, D.D., Archbishop of Dublin. Extra fcup. 8vo. 
S^. Xid, Second Edtion. 
This volume is called a ** Household Booh** by this name implying that 
H is a booh /or all — that there ts nothing in it to prevtnt it from being 
confidently placed in the hands of atery member of the household. Sped' 
mens of oil classes of poetry are given ^ including selections from living 
authors,, The Editor has aimed to produce a book •• which the emigrant, 
finding room for little not absolutely necessary, might yet fitui room for ii 
in his trunk, and the traveller in his knapsack, and that on some narrow 
iheiva where there arefeto books this might be one,** 

" The Archbishop has conferred in this delightful volume an important 
gift on the whole English-speaking population of the world**— Pall Mall 
GAzrrrx. 

Yonge (CharloUe M.).— a PARALLEL HtSTORV OF 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yvnge, Author of "The Heir of Reddyffe,** 
** Canneos of English History," ^c, &c. Oblong 4to. y, 6d, 

This tabmlar history has been drawn up to supply a watiifdt by many 
teachers of some means of making their pupils realiu what evettts in the 
two countries were contemporary, A skeleton narrative has been con* 
structod of the chief transactions in either country, placing a column 
hdweenfor what ajfectid both alike, by which means it is hoped that young 
^e»pii may he assisted in grasping thi mutual relation 0/ events. 
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Abbott (Rev. E. A.)— BIBLE LESSONS. By the Rer. 
£. A« Abbott, M.A., Head Master of the Chy of London 
SchooL Second Edition, crown Sva 4/. 6^. 

This book is xvritUn in the form of dialoptes tarriid on hittvt^n a 
teacher and pupU, afid its main object is to make the scholar think for 
himself. The great bulk of the dialogua represents in the spirit^ anJ 
often in thi words^ the religious instruction which the author has been 
in tfie habit of giving to the Fifth and Sixth Forms of the City of London 
School, 

Cheync (T. K.)— THE BOOK OF ISAIAH CHRONO- 
LOGICALLY ARRANGED. An Amended Version, with 
Historical and Critical Introductions and Explanatory Notes. By 
T. K, Cheyne, M,A,, Fellow of Balliol College, Oxford. 
Crown 8va ^s, 6d, 

The object of this edition is simply to restore the probable meaning 0/ 
Isaiah^ so far as this can be expressed in modem /English, The basis of 
the version is the revised translation of 161 1, but no scruple has Ucn fjU 
in introducing cUterations, wherever the (ru^ 4enu of the proph^cus 
appeared to require it, 

Eastwood.— THE BIBLE ^VORD-BOOK. A Glossary ot 
Old English Bible Words. By J. Eastwood, M. A., of St. John's 
College, and W. Aldis W&igmt, M.A., Trinity College, Cam* 
bridge. i8mo. 5/. td. 
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it is the •hjtd of this Glossary to explain and illustrate all sutk words^ 
phrasa^ and constructions^ in the Autkorised Version of the Old and New 
Testaments and the Apocrypha^ a$td in the Booh of Common Prayer^ as 
are either obsolete or archaic. Full explanations are supplied^ and thae 
iUustraied bf numerous citations from the elder writers. An index of 
editions ^oted is appended. Apart from its immediate subject^ this work 
serves to illustrate a well-marked period in the history of the Enffiish 
tankage. It is thus of distittct philological value, 

GOLDEN TREASURY PSALTER. Students' Edition. Being an 
Edition of "The Psalms Chronologically Arranged, by Four 
Friends," with briefer Notes. iSmo. 31. td. 

In making this abridgment of ** The Psalms Chronologically Arranged ^^* 
the editors have endeavoured to meet the rcqutrements oj readers of a 
different class from those for whom tie larger edition was intended. Some 
who found the large book useful for private readings have asked for an 
edition of a smaller site and at a lower price, for family use, while at the 
same time some Teachers in Public Schools have suggested that it would be 
convenient for them to have a stmpier book, which they could put into the 
hands ^ younger pupiis, 

Hardwick.— A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Lather. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. lor. td. 

The ground'plan of this treaiiu coincides in many points with one 
adopted at the close of the last century in the colossal work ofSckrbckk^ and 
since thai time by others of his thoughtful countrymen ; but in arranging 
the meUerieds a very different course heu frequently been pursued, IVitk 
regard to the opinions of the author, he is willing to avow distinctly thcU he 
has construed history laith the specific prepos s es s ions of an Englishman and 
a number of the English Church. The reader is cosutantly rrferred to 
the authoritiet, both original and critical, am which the statements are 
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Maclear (Rev. G. P.» B.D.) — cofithmcd. 

kmft heen c^fuultid^ nota tuhjoined^ and r^^tnees to larger works added, 
it is thtis hoptd that ii may prove at once an useful class^hook and a 
eonvenient eompanion to the study of the Greek Testament, 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. doth. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
. National and Elementary Schools. With Map. iSmo. cloth. 
These works hasH been carefully abrUgod from the author's larger 

manuals. 

CLASSBOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8ma doth. 2x. 6</. 
This may ie regarded as a sequel to the Class-books oj Old astd New 
Testament History, /Jke them, it is fiirnished with notes atid references 
to larger works, and it is ho/eu* that it may be found, especially in the 
higher forms of our Public Schools, to supply a suitable manual of 
instruction in the chief doctrines of the English Church, and a us^l 
help in the preparation of Candidates for Confirmation. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 

CHURCH OF ENGLAND, with Scriptura Proo&, for Junior 

Classes and Schools. i8ma d</. 
THE ORDER OF CONFIRMATION. A Sequel to the Class 

Book of the Catechism. For the use of Candidates for Confixma* 

tion. With Prayers and Collects, i&no. 34^ 

Maurice— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for ParenU and School- 
masters.' By the Rev. F. D. Mauricb^ To which is added the 
Order of the Scriptures. i8(na \s. 

Procter.— A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By FnANas Proctbk, 
M.A. Ninth £ditioii» rtrised and enlarged. Crown 8vo. 
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In thi course «f the last twenty years the whole fuation cf LUurgieetl 
hnowUdge has been rtopetud with great learning and accurate reseeurch ; 
and it is mainly with the vitut of epitomizing extensive publications^ and 
correcting the errors and misconceptions which had obtained currency, 

that the present volume has been put together. 

» 

Procter and Maclean— an elementary intro. 

DUCTION TO THE BOOK OF COMMON PRAYER. 

Re-arranged and supplemented by an Explanation of the Morning 

and Evening Prayer and the Litany. By the Rer. F. Paoctesl 

and the Rev. G. F. Maclkar. Fourth Edition. iSmo. 2j. td. 

As in the other Class-books of the series^ notes have also been sttbfoined, 

and references given to larger works, and it is hoped that the volume wilt 

be found adapted for use in the higher forms of our Public Schools, and a 

suitable manual for those preparing for the Oxford and Cambridge local 

examinations. This new Edition has been considerably altered, cmd 

several important additions have been nuule. Besides a re-arrangement 

of the work generally, the Historical Portion has been supplemented by em 

Explanation of the Morning and Evening Prayer and of the Litany. 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
BY FOUR FRIENDS. An Amended Venion, with Historical 
Introduction and Explanatory Notes. Second Edition, with 
Additions and Corrections. Crown 8vo. &f. 6d, 

To restore the Psalter as far as possible to the order in which the Psalms 
were written, — to give the division of each Psalm into strophes, of each 
strophe into the lines which composed it, — to amend the errors of translation, 
is the object of the present Edition, Professor EvtalcPs works, apecially 
that on the Psalms, have been extensively consulted. 

This book has been used with satisfaction by masters for privctte work im 
higher classa in schools, 

Ramsay.— THE CATECHISER'S MANUAL; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. iSmo. is, (td, 

A clear explanation of the Catechism, by way rf Question and Anrwer. 
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Simpson.— AN epitome or the history of the 

CHRISTIAN CHURCH. By William Simpson. H.A. 
Fifth Edition. Fcap. 8yo. 3/. 6d: 

A tmnpemdmu ntrnmary 0/ Chtrck ffistorr. 

Swainson.— A handbook to butler's analogy. By 

C a. Swainson, D.D^ Caoon of Chichester. Crown 8va ix. 6d. 

JTku manual is desigtud U wrvt as a handbook or road-hook to tki 
Studttii in rtading the Analogy^ toghfstki StuditU a skdch or outUtumap 
of tki country on which hi is onitring, astdto^oisU out to him mattsrs of 
intarst as hi Passes along, 

WcstCOtt.— A GENERAL SURVEY OF THE HISTORY 
OF THE CANON OF THE NEW TESTAMENT DURING 
THE FIRST FOUR CENTURIES. By Brooks Foss Wist- 
COTTy B.D.9 Canon of Peterborough. Thir^ Edition, revised. 
Crown 8va lor. 6d, 

TheAuthor has endeavoured to connect the history ^ the ^^ew Testament 
Canon with the growth and consolidation of the Chsaxh^ asul to point out 
thi relation existing between the amount of evidence for the authenticity 0/ 
its component parts, and the whole mass rf Christian literature. Such a 
method of inquity will convey both the truest notion of the connexion of the 
written Word with the living Body of Christy and the surest comnction of 
its divini authoritif. 

Of this work the Saturday Review writes: ^ Theological students, asul 
not they only, hut the general public, owe a deep debt of gratitude to 
Mr, Westcottfor bringing this subject fairly before them in Ms candid ana 
comprehensive essay, ,,,,Asa theological work it is at once perfecUy fair 
and impartial, and imbued with a thoroughly religious spirit; and as a 
mastueU it exhibits, in a lucid form astd in a narrow compass, the results 
oi o s itt uio i ntoarek and aeeusrate thourikL Wt fordialh recommend it J* 
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Westcott (Canon)— i»;i/!r>fiiai 

INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
Bjr Bkookx Foss Westcott, B.D. Third Edition. Crown 8to. 
iOf;M 

This hook it inUmdod to he an Introduction to tki %\xA^ of tki Gospds, 
The author hot mmdi it a poi9Ucarefuttyt« study the fttear^a of tk€ great 
writers^ and consciously to newest none* There is an dahorate diseussiou 
aj>pended** On the Primitive Doctrine of Inspiration.*^ 



A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
BIBLE. ByBAOOKxFossWssTCOTT»B.D. Crown 8va ios,6d. 

** The first trustworthy account vn have had of that unique and mar* 
vellous monument of the piety of our ancestors,"'— Daily News. 

THE BIBLE IN THE CHURCH. A Popolar Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Third Editioii. By Beooke Foss Westcott, B.D. 
iSma doth, 4/. 6d, 

Tike present booh is an attempt to anstoer a reptest, which has heen made 
from time to time^ to place in a simple form^ for the use of general readers^ 
the substa9ue of the author^s **IIistorvofthe Canon of the New TestasnentJ* 
An elaborate and comprehensive Ifitroduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament; the 
Apostolic Fathers; the Age of the Apologists : the First Christian Bible; 
the Bible Proscribed and Restored; the Age of Jerome and Augustine : 
the Bible of the Middle Ages in the West and in the East^ and in the 
Sixteenth Century. Two appendices on the History of the Old Testeunont 
Canon before the Christian Era, and on the Contents of the must andont 
MSS. of the Christian Bible, compleU the volume. 

THE GOSPEL OF THE RESURRECTION. Thoughts on iu 
Relation to Reason and History. By Brooke Foss Westcott, 
B.D. New Edition. Fcap. Sto. ^.6d 
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TTUi Euay it oh tttdtavour to eonsider sown €>/ tk€ tUmunUuy trutkt 
of Chrittianity at a miraeulout Reudation^ from tke tide of Hittory and 
Rtaton* If tko arguwuntt which an hart adduced are vaiid^ they will go 
far to prove that the Returrtetion^ with all that it ineluda^ it the hey to 
the hittory ofmum^ and the complement of reatotu 

Wilson.— AN ENGLISH, HEBREW, AND CHALDEE 
LEXICON AND CONCQRDANC|£, to the more Correct 
Underktanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
DlD., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, carefully Revised. 4ta doth. 25/. 

The aim of thit worh it^ that it thould be uttful to clergymen and all 
pertont engaged in the ttudy of the Bible^ even when they do not potteu a 
knowledge of Hebrew; while able Hebrew tcholart have borne tettimony to 
the help that tluy themtehet (uoh found in if. 
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Arnold.— A FRENCH ETON; OR, MIDDLE CLASS 
EDUCATION AND THE STATE. By Mattmw Arnold. 
Fcap. 8vo. doth. 2/. dtL 
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^A very iftUrestw^ dissertation on the system of secondary instructwm 
in France^ and on the advisability of copying the system in £ngland^*'~~^ 
Saturday Rkvzrw. 



SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 



8vo. xor. 6<& 
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The Author was in 1865 charged by the Schools Jnquiry Commissioners 

with the tosh of investigating tht system of education /or the muldle and 
upper classes in France^ ^taly^ Germany^ and Switzerland, In the dis- 
charge of this task he was on the Continettt ftearly seven months, and 
during that time he visited the four countries named and made a careful 
study of the matters to which the Commissioners had directed his attention* 
The present volume contains the report which he made to them. It is here 
adapted to the use of the general reader, 

ESSAYS ON A LIBERAL EDUCATION. Edited by tnc Rcr. 
F. W. Farrar, M.A., F.R.S., Assistant Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. 8va doth. xof. 6d, 

Contents : — History of Classical Education, by Charla S, Farher, 
M,A, ; Theory of Classical Education^ by Henry Sedgwick^ M.A. ; 
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LUerai BductUion in UrnvtrsUlet^ by John Sidiy^ MM. ; Tttuking by 
mtmrns tf Grammar^ by £, E, Bmoen^ M,A, ; Gretk and Latin Vtrsi' 
Composition^ by tki Htv, F, W» Farrar; Natural Seiauo in Schools^ bf 
y. M. mison, M.A., F.G.S.; The Tncking of Englisk^ by J. W. Hattt, 
M,A, ; Edttcation of the Reasoning Facuities^ by IV» y^Mnson^ MJi* ; 
The present Social Results of Classical Education^ by Lord Houghton. 

The Authors have sought to hasten the expansion and improvement oj 
liberal education by showing in what light some of the most interesting 
questions of Educational Refo/m are viewed by men who have had 
opportunttia for forming a Judgment rapeeting them^ and several oJ 
whom have been for some time engaged in the work ef education at our 
UtuversUus and Schools. 



Parrar.-^ON some defects in public school 

EDUCATION. A Lecture delivered at the Royal Institutioii. 
With Notes and Appendioet. Crown 8Ta i/« 



Jex-Blake.— A visit to some American schools 

AND COLLEGES. By Sophia Jsx-Buuci. Crown Sva doth. 
6r. 

*' In the following pages I have endeavoured to give a simple atul accurate 
account of what I saw during a seria of visits to some of the Schools and 
Colleges in the United States, . . • /wish simply to give other teachers an 
opportunity of seeing through my eya what they cannot perhaps see for 
themsdvest and to this end I have recorded just such particulars eu /should 
mysdfcaretoknow^ — Author's Prbpacb. 

** Miss Blahe giva a living picture tf the Schools and Colleges them" 
sehm in which that education is carried om^-^TALL MaXX Gazsttb. 



Qoain (Richard, P.R.S.)— ON SOME DEFECTS IN 

GENERAL EDUCATION. By Richard Quain, F.R.S. 
Crown 8Ta > 6d. 
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BOOKS ON education: 63 

Having Urn charged by thi Collegi of Surgtont with tki delhay «f tJU 
Hunterian Oration for 1869, tki Author has avtultd hiwudf 0/ tkt 
occasion to bring under notice some dejects in the general education of the 
country^ which^ in his opinion, effect injuriousiy ail classa of the people^ 
and net least the numbers of his own profession. The earlier pages of the 
address contain a short notice of the genius and labours of jfohn Hunter^ 
but the subject of education will be found to occupf the larger part—from 
page twelve to the end. 

Thring.— EDUCATION AND SCHOOL. By the Rer. Edwaed 
Thring, M.A., Head Master of Uppingfaam. Second Editioa. 
Crown 8va cloth. 5/. ^ 

YoumanS. — MODERN CULTURE: iU True Aims and Reqaixe- 
ments. A Series of Addresses and Ai]B;ttments on the Clauns ot 
Scientific Education. Edited by Edward L. Youmans, M.D. 
CxownSvo. &f. 6<£ 

CovrttXfrm^Professor T^ndaU on the Study of Physics ; Dr.Daubeny 
on the Study of Chemistry; ^Jessor Heufrey on the Shidy of Botany; 
Prof esatr Huxley on the Study of Zoology ; Dr. y. Paget on the Study of 
Physiology; Dr. Whewdl on the Educational History of Science ; Dr. 
Faraday on the Education oj the Judgment; Dr. Hodgson on the Study 
of Economic Science; Mr. Herbert Spencer on Political Education; 
Professor Masson on College Education and Self Education ; Dr. Youmans 
on the Scientific Study of Human Nature. An Appendix contains extracts 
from distinguished authors ^ and from the Scientifie Evidence gitfen before 
the Public Schools Commission. 
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